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In this talk there will be presented new models of the N = 4 deformed supersymmetri


me
hani
s with SU(2|1) symmetry based on gauging the systems with

dynami
al (1, 4, 3) multiplets and semi-dynami
al (4, 4, 0) ones.

The models of the deformed superymmetri
 me
hani
s with SU(2|1) symmetry have been


onsidered in re
ent studies [E. Ivanov, S. Sidorov, 2013, 2015℄.

Su
h supersymmetry is an extension of simple supersymmetry that alternative to higher

N -extension of the Poin
ar�e superalgebras.

The models with SU(2|1) symmetry have been 
onsidered earlier in [A.V.Smilga;

S. Bellu

i, A.Nersessian, 2004℄ where su
h symmetry was named as �weak supersymmetry�.

Re
ently, there is a request to study systems with 
urved rigid supersymmetry using

supergroup SU(2|1) and its 
entral extension [T.T.Dumitres
u, G.Festu

ia, N. Seiberg,

2012; I.B. Samsonov, D. Sorokin, 2014℄

The 
entrally-extended superalgebra ŝu(2|1) is de�ned by the anti
ommutators (i = 1, 2)

{Q i , Q̄k} = 2mI i
k + 2δi

k (H − mF ) , {Q i ,Qk} = {Q̄i , Q̄k} = 0

of the odd generators Q i
and Q̄i = (Q i )†. The generator H = H†


ommutes with all other

generators. The SU(2)int generators I i
k = (Ik

i )
†
and the U(1)int generator F = F†

,

[I i
j , I

k
l ] = δk

j I i
l − δi

l I
k
j , [I i

j , F ] = 0 ,
have nonvanishing 
ommutators with super
harges

[I i
j ,Q

k ] = δk
j Q i − 1

2 δ
i
j Q

k , [F ,Qk ] = 1
2 Qk , [F , Q̄l ] = − 1

2 Q̄l .

m is the mass parameter; the limit m = 0 leads to the N = 4, d = 1 Poin
ar�e superalgebra.

Also, there is the automorphism group SU(2)ext with the generators T i
j = (T k

i )
†
whi
h

rotate the 
harges in the pre
isely same way as the internal SU(2)int generators I i
j do:

[T i
j ,Q

k ] = δk
j Q i − 1

2 δ
i
j Q

k , [T i
j , I

k
l ] = δk

j I i
l − δi

l I
k
j .



In [E. Ivanov, S. Sidorov, 2013℄ there were 
onstru
ted SU(2|1) supersymmetry invariant

one-parti
le models in the superspa
e with 
oordinates

(
t, θk , θ̄

k
)
, θ̄i = (θi ), parametrized

the 
oset with representatives exp
{

itH + ϑk Qk + ϑ̄k Q̄k
}
where ϑi = (1 + 2

3 m θk θ̄
k )θi ,

ϑ̄i = (1 + 2
3 m θk θ̄

k )θ̄i
. The odd SU(2|1) transformations of these 
oordinates are

δt = i(ǫk θ̄
k + ǭk θk) , δθi = ǫi + 2m ǭk θk θi , δθ̄i = ǭi − 2m ǫk θ̄

k θ̄i .

As a further step, in [E. Ivanov, S. Sidorov, 2015℄ there was 
onsidered the �minimal�


omplex harmoni
 
oset

{H,Q±, Q̄±,F , I±±, I0,T±±,T 0}
{F , I++, I0, I−− − T−−, T 0} ∼

(
tA, θ

±, θ̄±,w±
i

)
≡ ζH ,

where Q+ ≡ Q1 , Q− ≡ Q2 , Q̄− ≡ Q̄1 , Q̄+ ≡ −Q̄2 .

I++ ≡ I1
2 , I−− ≡ I2

1 , I0 ≡ I1
1−I2

2 = 2I1
1 , T++ ≡ T 1

2 , T−− ≡ T 2
1 , T 0 ≡ T 1

1 −T 2
2 = 2T 1

1 .

The use of harmoni
s w±
i given additional opportunities to build new physi
al models,

but it is remain a number of important outstanding issues.

As it was indi
ated in [E. Ivanov, S. Sidorov, 2013, 2015℄ that there are still awaited

the SU(2|1) generalizations of the N = 4 supersymmetri
 Calogero-like systems,

the gauging pro
edure and 
oupling to the ba
kground gauge �elds.

From the point of view of the N = 4 me
hani
s, all of these issues are interrelated.

- The WZ terms in the parti
le a
tion des
ribe the intera
tion with external gauge �elds

[E. Ivanov, O.Le
htenfeld, 2003℄.

- The a
tions of the same type des
ribe semi-dynami
al degrees of freedom [SF, E. Ivanov,

O.Le
htenfeld, 2009, 2010℄, the use of whi
h is important in the 
onstru
tion of

many-parti
le systems [SF, E. Ivanov, O.Le
htenfeld, 2008, 2012℄.

- An additional ingredient in this design is the introdu
tion of pure gauge degrees of freedom

and using the gauging pro
edure [F.Deldu
, E. Ivanov, 2006℄.



Here we will present new models of the N = 4 deformed supersymmetri
 me
hani
s that

make use of a few di�erent types of SU(2|1) supermultiplets:

dynami
al, semi-dynami
al and pure gauge supermultiplets.

As result of it we will obtain new SU(2|1)-invariant one-parti
le model with spinning

degrees of freedom, as well as new SU(2|1) superextension of the Calogero-Moser

multi-parti
le system.

The harmoni
 superspa
e [E. Ivanov, S. Sidorov, 2015℄ is not dire
tly appli
able for solving

these tasks.

The main problem roots in the algebra of the 
ovariant 
onstraints to be imposed on

the relevant harmoni
 super�elds Ψ for singling out various irredu
ible SU(2|1) multiplets.

The Grassmann analyti
ity 
onditions in the harmoni
 superspa
e [E. Ivanov, S. Sidorov,

2015℄ (spe
i�
ally, D+Ψ = 0, D̄+Ψ = 0)
ne
essarily entail the harmoni
 
ondition (spe
i�
ally, D++Ψ = 0).

However, su
h harmoni
 
onstraints turn out to be too strong if we wish to des
ribe

some supermultiplets in the harmoni
 approa
h, e.g. the �topologi
al� gauge multiplet whi
h

is the main obje
t of the d = 1 gauging [F.Deldu
, E. Ivanov, 2006℄

e�
iently exploited in [SF, E. Ivanov, O.Le
htenfeld, 2008, 2009, 2010, 2012℄.

The only way around is to pass to an extended SU(2|1) harmoni
 superspa
e involving

two sets of harmoni
 variables: those asso
iated with the group SU(2)int and those

parametrizing the external automorphism group SU(2)ext.

Now we introdu
e new harmoni
 superspa
e,

in
luding the standard (unitary) harmoni
s on SU(2)ext.

As a result, we gain an opportunity to perform a gauging pro
edure and de�ne intera
ting

dynami
al and semi-dynami
al multiplets.



SU(2|1) harmonic superspace revisited

As opposed to the �minimal� harmoni
 
oset [E. Ivanov, S. Sidorov, 2015℄, we will use now

ζ̂H =
(

tA, θ
±, θ̄±, u±

i , z
++

)
∼ {H,Q±, Q̄±,F , I±±, I0,T±±, T 0}

{F , I++, I0, T 0} ,

where u±
i , u+iu−

i = 1 , u+
i u−

k − u+
k u−

i = εik

are the standard unitary harmoni
s on the 
oset SU(2)ext/U(1)ext ∼ S2
[GIKOS, 1984℄,

while the 
oordinate z++
is asso
iated with the generator I−−

.

The elements of this 
oset are de�ned as

gH = ei(ξT+++ξ̄T−−) exp
{

z++I−−
}

exp
{

itAH − θ+Q− + θ̄+Q̄−
}

exp
{
θ−Q+ − θ̄−Q̄+

}
,

where ei( ξτ+++ξ̄τ−−) = (u±
i ).

Non-unitary harmoni
s w±
i are related to the standard harmoni
s u±

i as

[A.Galperin, E. Ivanov, O.Ogievetsky, 1994℄

w+
i = u+

i + z++u−
i , w−

i = u−
i , w+

i w−
k − w+

k w−
i = εik .

The odd SU(2|1) transformations are written as

δtA = 2i
(
ǫ−θ̄+ − ǭ−θ+

)
,

δθ+ = ǫ+ + ǫ−
(
z++ − m θ+θ̄+

)
, δθ− = ǫ− + 2m ǭ−θ−θ+,

δz++ = m
(
ǫ+θ̄+ + ǭ+θ+

)
+ m z++

(
ǫ−θ̄+ + ǭ−θ+

)
, δu±

i = 0 ,

where ǫ± = ǫiu±
i , ǭ± = ǭk u±

k . It follows that the SU(2|1) harmoni
 superspa
e 
ontains the

analyti
 harmoni
 subspa
e parametrized by the redu
ed 
oordinate set

ζ̂A = (tA, θ
+, θ̄+, u±

i , z
++) .

whi
h is 
losed under the a
tion of SU(2|1).



In standard way we derive the 
ovariant derivatives, in parti
ular, half of the fermioni
 ones

are short

D+ =
∂

∂θ−
− m θ̄− Ĩ++ , D̄+ = − ∂

∂θ̄−
+ m θ− Ĩ++ ,

part of the harmoni
 
ovariant derivatives is

D0 = ∂0
u + 2z++ ∂

∂z++
+

(
θ+

∂

∂θ+
+ θ̄+

∂

∂θ̄+

)
−

(
θ−

∂

∂θ−
+ θ̄−

∂

∂θ̄−

)
,

D++ = ∂++
u + z++

(
D0 + Ĩ0

)
+ . . . .

where F̃ , Ĩ0
, Ĩ++

are matrix parts of the generators F , I0
, I++

properly a
ting on the matrix

indi
es of the super�elds and the operators.

The harmoni
 super�elds Ψ(q)(tA, θ±, θ̄±, u±, z++) are eigenfun
tions of the harmoni


U(1) 
harge operator D0
:

D0Ψ(q) = qΨ(q) .

We assume the polynomial dependen
e on z++
and the standard harmoni
 expansion in u±

.

We limit our study to the harmoni
 super�elds subje
ted to additional 
ovariant


onditions (
D0 + Ĩ0

)
Ψ(q) = 0 ⇒ Ĩ0Ψ(q) = −qΨ(q) ,

F̃ Ψ(q) = 0 , Ĩ++Ψ(q) = 0 .



The 
onstraint Ĩ++Ψ(q) = 0 is the self-
onsisten
y 
ondition for the 
ovariant de�nition of

the analyti
 SU(2|1) super�elds whi
h live on the analyti
 subspa
e and satisfy the

Grassmann-analyti
ity 
onstraints

D+Ψ(q) = D̄+Ψ(q) = 0 ,

whi
h, due to the relation {D+, D̄+} = 2mĨ++ , ne
essarily imply Ĩ++Ψ(q) = 0.
It is important, that as opposed to the approa
h of [E. Ivanov, S. Sidorov, 2015℄,

these fermioni
 
onstraints by no means require the 
ondition D++Ψ(q) = 0 ,
whi
h is unne
essary to de�ne some multiplets.

The notable property of the 
ovariant derivatives is

D−−
z −D−− =

∂

∂z++
− ∂−−

u

and we 
onsider the harmoni
 super�elds subje
ted to additional 
ovariant 
ondition(
D−−

z −D−−
)
Ψ(q) = 0 .

This 
onstraint e�e
tively eliminates the dependen
e of the harmoni
 super�elds on the

variable z++

Ψ(q)(tA, θ
±, θ̄±, u±, z++) = e z++∂−−

u Φ(q)(tA, θ
±, θ̄±, u±) = Φ(q)(tA, θ

±, θ̄±,w±) .

Therefore, su
h harmoni
 super�elds depend on w+
i = u+

i + z++u−
i , w−

i = u−
i and we

obtain the link with the models, whi
h were 
onsidered in [E. Ivanov, S. Sidorov, 2015℄.

Of 
ourse, the analyti
 harmoni
 super�elds are expressed as

Ψ(q)(tA, θ
+, θ̄+, u±, z++) = e z++∂−−

u Φ(q)(tA, θ
+, θ̄+, u±) = Φ(q)(tA, θ

+, θ̄+,w±) .



The multiplet (1, 4, 3)
The multiplet (1, 4, 3) is des
ribed by even real super�eld X subje
ted to the 
onditions

D0
X = 0 , D++

X = 0 , (D−−
z −D−−)X = 0 , Ĩ0

X = F̃ X = Ĩ++
X = 0 ,

D−D+
X = 0 , D̄−D̄+

X = 0 ,
(
D−D̄+ + D̄−D+

)
X = 2mX ,

These 
onstraints are solved by

X = x + θ−ψ+ + θ̄−ψ̄+ − θ+ψ− − θ̄+ψ̄− + θ−θ̄−N++ + θ+θ̄+N−− + . . .

Here, N±± = N ik w±
i w±

k , ψ± = ψi w±
i , and x(t), N ik = N(ik)(t), ψi (t) are d=1 �elds.

Free X-a
tion SX = − 1
4

∫
dζH X2

yields the 
omponent a
tion [A.V. Smilga, 2004℄

SX =
1

2

∫
dt

[
ẋ ẋ + i

(
ψ̄k ψ̇

k − ˙̄ψkψ
k
)
− m2x2 + 2m ψ̄kψ

k − 1

2
N ik Nik

]
.

Another des
ription of (1, 4, 3) is through an analyti
 real prepotential V(ζA) whi
h is

related to the super�eld X (in the 
entral basis) by the harmoni
 integral transform

X(t, θi , θ̄
i) =

∫
dw

(
1 + m θ+θ̄− − m θ−θ̄+

)−1
V
(
tA, θ

+, θ̄+,w±
) ∣∣∣ ,

where the verti
al bar

∣∣∣ means that the expressions tA = t + i(θ+θ̄− + θ−θ̄+), θ− = θiw−
i ,

θ+ = θi w+
i (1 + m θk w−

k θ̄
lw+

l ) should be substituted into the integrand.

This representation generalizes the analogous transform in the ��at� non-deformed N=4
supersymmetri
 me
hani
s [F.Deldu
, E. Ivanov, 2006; SF, E. Ivanov, O.Le
htenfeld, 2008℄.

In the WZ gauge for pregauge freedom δV = D++λ−−
, λ−− = λ−−(ζA) the �elds

appearing for V are identi�ed with the �elds in X:

V(ζA) = x(tA)− 2 θ+ψi (tA)w
−
i − 2 θ̄+ψ̄i (tA)w

−
i + 3 θ+θ̄+N ik (tA)w

−
i w−

k .



The multiplet (4, 4, 0) and SU(2|1) invariant WZ term

The multiplet (4, 4, 0) is des
ribed by the super�eld Z+(tA, θ±, θ̄±, z++, u±) possessing the

unit U(1) 
harge, D0 Z+ = Z+ , and satisfying the SU(2|1) 
ovariant 
onstraints
(D−−

z −D−−)Z+ = 0 , Ĩ0
Z
+ = −Z

+ , F̃ Z
+ = Ĩ++

Z
+ = 0 ,

D++
Z
+ = 0 , D+

Z
+ = D̄+

Z
+ = 0 .

The general solution of the 
onstraints is represented by the 
omponent expansion

Z
+(tA, θ

+, θ̄+, u±, z++) = Z+(tA, θ
+, θ̄+,w±) = z iw+

i + θ+ϕ+ θ̄+φ− 2iθ+θ̄+ż iw−
i ,

where z i(tA), ϕ(tA), φi(tA) are d=1 �elds.

It has been shown in [E. Ivanov, S. Sidorov, 2015℄ that the WZ type a
tions enjoying

SU(2|1) supersymmetry 
annot be 
onstru
ted for the single multiplet (4, 4, 0).

However, if we 
ouple the multiplet (4, 4, 0) (super�eld Z+
) to the multiplet (1, 4, 3)

(super�eld V) the SU(2|1)-invariant WZ a
tion 
an be set up.

Su
h WZ a
tion is given by the following integral over the analyti
 subspa
e

SWZ(V ,Z+) = 1
2

∫
dζ−−

A V Z+Z̃+ .

The 
orresponding 
omponent a
tion SWZ =
∫

dt LWZ with the 
omponent Lagrangian

LWZ = − i
2 x

(
z̄k żk − ˙̄zk zk

)
− 1

2 Nkj zk z̄j +
1
2 ψ

k
(

zk ϕ̄+ z̄kφ
)
+ 1

2 ψ̄
k
(

zk φ̄− z̄kϕ
)
+ 1

2 x
(
ϕϕ̄+φφ̄

)

is invariant under the SU(2|1) transformations.



Gauging of coupled dynamical (1, 4, 3) and semi − dynamical (4, 4, 0)
The WZ a
tion SWZ is invariant with respe
t to the global U(1) transformations

Z
+′ = eiλ

Z
+, Z̃

+′ = e−iλ
Z̃
+ .

Now we require lo
al invarian
e of this a
tion, with the parameter being promoted to an

analyti
 super�eld λ = λ(ζA)

To provide this lo
al symmetry in the 
onsidered system we introdu
e even analyti


gauge super�eld V++
, whi
h satis�es the 
onditions

D+V++ = D̄+V++ = 0 , Ĩ++V++ = 0 ,

(D−−
z −D−−)V++ = 0 , D0V++ = −Ĩ0V++ = 2V++ , F̃V++ = 0

and is de�ned up to the gauge transformations

V++′ = V++ − D++λ .

Using this U(1) gauge freedom we 
an 
hoose the WZ gauge

V++ = 2i θ+θ̄+A(tA) .

The gauge super�eld V++

ovariantizes the derivative D++

. As a result, the 
omplex

analyti
 super�eld Z+
is subje
t to the 
ovariantized harmoni
 
onstraints

∇++ Z+ ≡ (D++ + i V++)Z+ = 0 .
The solution of this 
onstraint in the WZ gauge is

Z
+(tA, θ

+, θ̄+, u±, z++) = z iw+
i + θ+ϕ+ θ̄+φ− 2i θ+θ̄+∇tAz i w−

i ,

where

∇zk = żk + iA zk , ∇z̄k = ˙̄zk − iA z̄k .



We will 
onsider the a
tion

S = SX + SWZ + SFI ,

where last term in the total a
tion is the gauge-invariant Fayet-Iliopoulos (FI) term

SFI =
i
2 c

∫
µ
(−2)
A V++ ,

whi
h in the WZ gauge takes the form

SFI = −c
∫

dt A .

After integrating over θ s and harmoni
s and eliminating auxiliary �elds the total a
tion in

the WZ gauge takes the following on-shell form (we make the rede�nition zk → zk/
√

x)

S = Sb + Sf ,

Sb =
1

2

∫
dt

[
ẋ ẋ − m2x2 + i

(
˙̄zk zk − z̄k żk

)
− (z̄k zk )2

4x2
+ 2A

(
z̄k zk − c

)]
,

Sf =

∫
dt

[
i

2

(
ψ̄k ψ̇

k − ˙̄ψkψ
k
)
+ mψ̄kψ

k
]
−

∫
dt
ψi ψ̄k z(i z̄k)

x2
.

The last term in the bosoni
 a
tion Sb produ
es �rst 
lass 
onstraint z̄k zk − c ≈ 0
restri
ting the quantum spe
trum to a single supermultiplet on �xed energy level.

The mass (frequen
y) of the physi
al states is de�ned by the deformation parameter of

the SU(2|1) supersymmetry.



Matrix model

Now we are going to generalize one-parti
le model to the U(n), d=1 gauge theory following

[SF, E. Ivanov, O.Le
htenfeld, 2008, 2012℄.

The matrix model to be 
onstru
ted involves the following U(n) entities:

n2

ommuting super�elds

X
a
b = (X̃b

a) , a, b = 1, . . . , n

forming the hermitian n×n-matrix super�eld X = (Xb
a)

in adjoint representation of U(n);

n 
ommuting 
omplex super�elds Z
+
a forming the U(n) spinor

Z
+ = (Z+

a ) , Z̃
+ = (Z̃+a) ;

n2
non-propagating �gauge super�elds�

V++ = (V++b
a) , (Ṽ++b

a) = V++a
b .

The lo
al U(n) transformations are given by

X
′ = eiλ

Xe−iλ, Z+′ = eiλZ+, V++ ′ = eiλ V++ e−iλ − i eiλ(D++e−iλ),

where λb
a(ζA) ∈ u(n) is the �hermitian� analyti
 matrix parameter, λ̃ = λ.



The SU(2|1) matrix model with U(n) gauge symmetry is des
ribed by the a
tion

Smatrix = SX + SWZ + SFI .

The �rst term in the total a
tion, SX = −1

4

∫
µH Tr

(
X

2
)
,

is the gauged a
tion of the (1, 4, 3) multiplets. Now the super�elds X = (Xb
a) are subje
ted to


ovariantized 
onstraints

∇++
X = D++

X+ i [V++,X] = 0 ,
∇−∇+

X = 0 , ∇̄−∇̄+
X = 0 ,

(
∇−∇̄+ + ∇̄−∇+

)
X = 2mX ,

where the gauge 
onne
tions in the spinor 
ovariant derivatives are expressed through

V++(ζ, u).

The last term in the a
tion is the FI term SFI =
i

2
c
∫
µ
(−2)
A Tr V++ ,

whereas the se
ond term, SWZ =
1

2

∫
µ
(−2)
A V0 Z̃+aZ+

a , is a WZ a
tion des
ribing


oupling of n 
ommuting analyti
 super�elds Z+
a and the singlet U(1) part X0 ≡ Tr (X).

The real analyti
 super�eld V0(ζ,w) is de�ned by the integral transform for the tra
e part:

X0(t, θi , θ̄
i) =

∫
dw

(
1 + mθ−θ̄+ − mθ+θ̄− − 2m2θ+θ−θ̄+θ̄−

)
V0

(
tA, θ

+, θ̄+,w±
) ∣∣∣ .

The n multiplets (4,4,0) are des
ribed by the super�elds Z+
a de�ned by 
ovariantized


onstraints

∇++
Z
+ =

(
D++ + iV++

)
Z
+ = 0 .



Using the gauge freedom we 
an 
hoose the WZ gauge

V++ = 2i θ+θ̄+A(tA) ,

where now A(tA) is an n×n matrix �eld. In this gauge we have

∇±± = D±± − 2 θ±θ̄± A, ∇− = D− + 2 θ̄− A, ∇̄− = D̄− + 2 θ− A .

After integrating over θ s and harmoni
s and eliminating auxiliary �elds the matrix

a
tion in the WZ gauge takes the following form

Smatrix = Sb + Sf ,

Sb =
1

2
Tr

∫
dt

(
∇X∇X − m2X2

)
− c

∫
dt TrA

+
1

2
Tr

∫
dt

[
iX0

(
∇Z̄k Z k − Z̄k∇Z k

)
− n

4
(Z̄ (iZ k))(Z̄i Zk )

]
,

Sf =
1

2
Tr

∫
dt
[
i
(
Ψ̄k∇Ψk −∇Ψ̄kΨ

k
)
+ 2mΨ̄kΨ

k
]
−

∫
dt

Ψ
(i
0 Ψ̄

k)
0 (Z̄i Zk)

X0
,

where

X0 ≡ Tr(X), Ψi
0 ≡ Tr(Ψi ), Ψ̄i

0 ≡ Tr(Ψ̄i ); (Z̄i Zk) ≡ Z̄ a
i Zka, (∇Z̄k Z k) ≡ ∇Z̄ a

k Z k
a .

The 
ovariant derivatives are de�ned by

∇X = Ẋ + i [A,X ] , ∇Ψi = Ψ̇i + i [A,Ψi ] , ∇Ψ̄i =
˙̄Ψi + i [A, Ψ̄i ] ,

∇Z k = Ż k + iA Z k , ∇Z̄k = ˙̄Zk − iA Z̄k .



Bosonic limit in the matrix model

Let us 
onsider the bosoni
 limit of the matrix a
tion, i.e. the a
tion Sb .

Using the residual gauge invarian
e of the a
tion Sb,

X ′ = eiλ X e−iλ , Z ′k = eiλZ k , A ′ = eiλ A e−iλ − i eiλ(∂t e
−iλ) ,

where λb
a(t) ∈ u(n) are ordinary d=1 gauge parameters, we 
an impose the gauge

Xb
a = 0 , a 6= b ,

i.e. Xb
a = Xaδb

a and X0 =
n∑

a=1

Xa.

As a result of this, and after eliminating Ab
a , a 6= b, by the equations of motion, the

a
tion Sb takes the following form (instead of Z i
a we introdu
e the new �elds

Z ′ i
a = (X0)

1/2 Z i
a and omit the primes on these �elds),

Sb =
1

2

∫
dt

{
∑

a

(
ẊaẊa − m2XaXa

)
− i

2

∑

a

(
Z̄ a

k Ż k
a − ˙̄Z a

k Z k
a

)
+ 2

∑

a

Aa
a

(
Z a

k Z k
a − c

)
+

+
∑

a 6=b

Tr(SaSb)

4(Xa − Xb)2
− n Tr(ŜŜ)

2(X0)2

}
,

where we used the following notation:

(Sa)k
j ≡ Z̄ a

k Z j
a, (Ŝ)k

j ≡
∑

a

[
(Sa)k

j − 1
2 δ

j
k (Sa)l

l
]

and no sum over the repeated index a is assumed.



Bosonic limit in the matrix model

The terms

∑

a

Aa
a
(
Z a

k Z k
a − c

)
in the a
tion Sb produ
e n 
onstraints (for ea
h index a)

Z̄ a
k Z k

a − c ≈ 0

for the �elds Z k
a . These 
onstraints generate abelian gauge [U(1)]n symmetry,

Z k
a → eiϕa Z k

a , with lo
al parameters ϕa(t).

Due to these 
onstraints, the �elds Z k
a des
ribe n sets of the target harmoni
s.

After quantization, these variables be
ome purely internal (U(2)-spin) degrees of freedom.

So, in the Hamiltonian approa
h, the kineti
 WZ term for Z in Sb gives rise

to the following Dira
 bra
kets:

[Z k
a , Z̄

b
j ]D = −iδb

aδ
k
j .

With respe
t to these bra
kets the quantities Sa for ea
h index a form u(2) algebras

[(Sa)i
j , (Sb)k

l ]D = iδab

{
δl

i (Sa)k
j − δj

k (Sa)i
l
}
.

As a result, after quantization the variables Z k
a des
ribe n sets of fuzzy spheres.

The a
tion Sb 
ontains a potential in the 
enter-of-mass se
tor with the 
oordinate X0.

Modulo this extra potential, the bosoni
 limit of the system 
onstru
ted is none other

than the U(2)-spin Calogero-Moser model whi
h is a massive generalization of the U(2)-spin

Calogero model [J.Gibbons, T.Hermsen, 1984; S.Woj
ie
howski, 1985; A.P.Poly
hronakos,

1998℄.



Con
lusion

We proposed new models of SU(2|1) supersymmetri
 quantum me
hani
s as a

deformation of the 
orresponding ��at� N = 4, d = 1 supersymmetri
 models.

The 
hara
teristi
 features of these models is the use of di�erent types of

supermultiplets: dynami
al, semi-dynami
al and pure gauge ones. In 
onsidered

models, dynami
al multiplets are the (1, 4, 3) ones.

The prepotential super�eld des
ription of the (1, 4, 3) multiplet has provided an

opportunity to build the WZ a
tion for the (4, 4, 0) multiplets and thereby to use the

latter for des
ribing semi-dynami
al degrees of freedom.

The SU(2|1) version of the super�eld gauging pro
edure [F.Deldu
, E. Ivanov, 2006℄

involving the appropriate gauge multiplets allowed us to gauge away some of the

dynami
al and semi-dynami
al �elds on shell.

We have studied these new SU(2|1) supersymmetri
 me
hani
s models both in the

one-parti
le 
ase and in the multi-parti
le one. In the latter 
ase the system is

des
ribed o� shell by the matrix theory with U(n) gauging. After elimination of

auxiliary and pure gauge �elds this matrix theory yields new N = 4 superextensions of

the An−1 Calogero-Mozer model. The mass (frequen
y) of the physi
al states is de�ned

by the deformation parameter of the SU(2|1) supersymmetry.
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