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One approach to the study of asymptotic symmetries is based on
the Hamiltonian formulation, where the evolution of the system
is studied on spacelike hypersurfaces.

We shall review the Hamiltonian formulation here, in the specific
case of gravity.
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The deformation is decomposed into its normal and tangent

components, ¢ = n+ fka%

where 7 is normal to the spacelike hypersurfaces and aixk form a
basis of tangent vectors.
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oertacatoems. inextricably connected and the latter can in no way be

considered less important than the former." (V. Fock, 1955).

We shall explicitly consider the case of open spatial sections and
the boundary conditions at (spatial) infinity, but the analysis
proceeds along the same ideas if there are other boundaries.

If there is no boundary, there is no surface term to be added to
the Hamiltonian and the charges are zero.
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e They should contain the physically relevant solutions.

Y o They should make the surface integrals finite and integrable (i.e.,
surface terms the surface deformations that preserve the boundary conditions

should have finite surface integrals).

o They should be invariant under “physically relevant"

transformations.
Finding consistent boundary conditions is a bit of an art.
Different, inequivalent boundary conditions might be consistent.

We examine first the question of the surface terms.

8/28



Surface terms

Asymptotic

SR How should one determine the surface term Q[¢{] to be added to the

Hamiltonian volume term 2

Approach

Marc Henneaux

Boundary
conditions and
surface terms

9/28



Surface terms

Asymptotic

S How should one determine the surface term Q[¢] to be added to the

H:miltonilan Volume term ?

e

Marc Henneaux Requirement : H[¢] should have well-defined functional
derivatives in the class of fields under consideration (“be

differentiable") - Regge and Teitelboim 1974

Boundary
conditions and
surface terms

9/28



Surface terms

Asymptotic

S How should one determine the surface term Q[¢] to be added to the

Hamiltonian Volume term ?

Approach

Marc Henneaux Requirement : H[¢] should have well-defined functional
derivatives in the class of fields under consideration (“be
differentiable") - Regge and Teitelboim 1974

Boundary i.e, since 6 H[¢] = “Volume term" + M[¢] + 6 Q[E]

conditions and
surface terms

9/28



Surface terms

Asymptotic

S How should one determine the surface term Q[¢] to be added to the

Hamiltonian Volume term ?

Approach

Marc Henneaux Requirement : H[¢] should have well-defined functional
derivatives in the class of fields under consideration (“be
differentiable") - Regge and Teitelboim 1974

Boundary i.e, since 6 H[¢] = “Volume term" + M[¢] + 6 Q[E]

conditions and

surface terms where the volume term contains only undifferentiated variations

d [ Aif ij tributions fi
[ (a0 80+ Byt i+ contributions from)

9/28



Surface terms

Asymptotic

S How should one determine the surface term Q[¢] to be added to the

Hamiltonian Volume term ?

Approach

Marc Henneaux Requirement : H[¢] should have well-defined functional
derivatives in the class of fields under consideration (“be
differentiable") - Regge and Teitelboim 1974

Boundary i.e, since 6 H[¢] = “Volume term" + M[¢] + 6 Q[E]

conditions and

surface terms where the volume term contains only undifferentiated variations

d [ Aif ij tributions fi
[ (a0 80+ Byt i+ contributions from)

and where M[¢] is the surface term arising from integrations by
parts to bring the volume term in desired form,

9/28



Surface terms

Asymptotic

S How should one determine the surface term Q[¢] to be added to the

Hamiltonian Volume term ?

Approach

Marc Henneaux Requirement : H[¢] should have well-defined functional
derivatives in the class of fields under consideration (“be
differentiable") - Regge and Teitelboim 1974

Boundary i.e, since 6 H[¢] = “Volume term" + M[¢] + 6 Q[E]

conditions and

surface terms where the volume term contains only undifferentiated variations

d [ Aif ij tributions fi
[ (a0 80+ Byt i+ contributions from)

and where M[¢] is the surface term arising from integrations by
parts to bring the volume term in desired form,
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When this condition is met, Q[¢] is defined by the equation
MI[¢]+0QI[¢] =0 up to a constant C[¢].

This constant is usually taken to be zero for some natural
“background" configuration.

Which boundary conditions to impose depends on the context.
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and reduces on shell to the surface term.

QI[¢] = H[¢] is the conserved charge associated with the
asymptotic symmetry. It depends only on the asymptotic form of
¢. It is finite if the boundary conditions are consistent.

Two asymptotic symmetries that have the same asymptotic
behaviour have the same charge and should be identified.
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Asymptotic

Symmees when 1 — 0 at co (Q[¢] is “gauge-invariant").

The asymptotic symmetries with zero charges are the true gauge
symmetries.

The other asymptotic symmetries DO change the physical state
of the system.
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as background isometries.
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transformation
e i.e.,[F, [HI¢L HInlll = [F,H[[f,n]]] for any functional F of the

dynamical variables.
Hence [H[¢], H[n]] and H [[€,7]] differ, up to trivial terms, by a
c-number K[¢,n] (which fulfills cocycle condition etc...).
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o The cohomology group H? (%) must be different from zero.
e The asymptotic symmetry group cannot be realized as background
isometry group.

Algebra of charges

Indeed, one can prove that if the asymptotic symmetry group can
be realized as isometry group of some background, then K45 = 0.

Theories exist, however, with Ksp # 0.
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Maximally symmetric space with isometry group O(D—1,2).
Asymptotically D=3:02,2); D=4:0(3,2) etc.
N AdS isometries are conformal transformations of the boundary at

infinity - and all of them for D = 4.

For D = 3, the boundary is the cylinder R x S! with metric
—dt? + d¢p? and the conformal group at infinity is
infinite-dimensional and contains O(2,2), which is a proper
finite-dimensional subgroup.
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One finds that the asymptotic symmetry group is in all cases the
conformal group at infinity.
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Background | Conformal group
isometries at infinity
[ D=4 ] 0D-1,2) | O(D-1,2) |
| D=3 | 0(2,2) €¢?P>02,2 |
JR——" The AdS group O(D - 1, 2) is the asymptotic symmetry group in
anti-de Sitter . . o, . . . .
—— D = 4 dimensions. But it is the infinite-dimensional conformal

group €@ that is the asymptotic symmetry group in D= 3. In
that latter case, central charges are allowed and do, in fact, occur.

18/28



D =3 - Boundary conditions

Asymptotic
Symmetries in
Gravity: the
Hamiltonian
Approach

We concentrate on the case D = 3.

Marc Henneaux

Central charge in
3 dimensions

19/28



D =3 - Boundary conditions

Asymptotic
Symmetries in
Gravity: the

We concentrate on the case D = 3.

Hamiltonian In the coordinate system where the background metric reads
Approach
Marc Henneaux rZ -1 lZ lZ
(1 + ?) dar® - " ((der)2 + (dxf)z) = (E + ’2) dxt dx,

Central charge in
3 dimensions

19/28



D =3 - Boundary conditions

Asymptotic
Symmetries in

We concentrate on the case D= 3.
Gravity: th . .
Hamiltonian In the coordinate system where the background metric reads

Approach

Marc Henneaux rZ -1 lZ lZ
(1+?) drz—Z((dx+)2+(dx7)2)—(5+l’2)dx+dx7,

the boundary conditions of Brown + MH (1986) are invariant
under diffeomorphisms ¢ of the form

2
gt = T++2176%T_+---,
- = lz 2 ot
n = T +ﬁ6+T +ee
3 dimensions. r _
n = —5(6+T++6_T IR

where T+ = T+ (x%).

19/28



D =3 - Boundary conditions

Asymptotic
Symmetries in

We concentrate on the case D= 3.
Gravity: th . .
Hamiltonian In the coordinate system where the background metric reads

Approach

Marc Henneaux rZ -1 lZ lZ
(1+?) drz—Z((dx+)2+(dx7)2)—(5+l’2)dx+dx7,

the boundary conditions of Brown + MH (1986) are invariant
under diffeomorphisms ¢ of the form

2
gt = T++2176%T_+---,
- = lz 2 ot
n = T +ﬁ6+T +ee
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n = —5(6+T++6_T IR

where T+ = T+ (x%).
This is the full conformal group in 2 dimensions, generated by
T*(x*)and T~ (x7).
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QulT*1= 7 [dpT*fe .
Using the transformation rules of the f’s, one finds that their
brackets yield two copies of the Virasoro algebra with central

charge
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c=—.
2G

In terms of Fourier modes,

) G
(L, Ll = —l((l’l— m) Ly m + En(nz - 1)6n+m,0) )

Central charge in
3 dimensions
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Asymptotically flat spaces have been much studied at null
infinity.

In the 1960’s, Bondi, Metzner and Sachs (BMS) found that
reasonable asymptotic conditions defining asymptotically flat
spaces at null infinity

were invariant under an infinite-dimensional group containing
the Poincaré group.

This infinite-dimensional symmetry was somewhat viewed then
by many authors (but not all!) as an embarrassment. Various
Asymptotically attempts were made to reduce the asymptotic symmetry group to
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Group the Poincaré group by strengthening the boundary conditions.
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Approach However, the BMS group was taken seriously and analysed in
HareHennen depth more recently by G. Barnich and his collaborators,

revealing an extremely rich structure.

The non-trivial physical implications of the BMS group were
uncovered by Strominger

and the potential impact of the existence of an infinite number of
charges for the black hole information problem was explored by
Hawking, Perry and Strominger.

Most of these studies were performed at null infinity.
It is desirable to have also an analysis on spacelike hypersurfaces

as this should make the correspondence with the quantum
theory more transparent.
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Marc Henneaux The natural boundary conditions to be adopted on the phase
space variables are, with g;; = ggLAT + hyj

(0)

(n)
“” +0(r ?)

hij=-L—+o(r™Y), nl =
(in cartesian coordlnates).
These boundary conditions cover the known solutions - at rest or
boosted -, including, formally, the Taub-NUT solution.
They suffer from difficulties, however, and will have to be
strengthened.
For instance, they make the angular momentum generically
diverge (see below).

Asymptotically
flat spaces - BMS
Group

23/28



Coordinate transformations that preserve the
gauge symmetries

Asymptotic
Symmetries in
Gravity: the
Hamiltonian
Approach

Marc Henneaux

Asymptotically
flat spaces - BMS
Group




Coordinate transformations that preserve the

gauge symmetries

A toti . oy
Symmeries in The surface-deformations that preserve the boundary conditions
Gravity: the

Hamiltonian re ad
Approach

Marc Henneaux

Asymptotically
flat spaces - BMS
Group

24/28



Coordinate transformations that preserve the

gauge symmetries

A toti . oy
Symmeries in The surface-deformations that preserve the boundary conditions
Gravity: the

Hamiltonian re ad
Approach

@ =G+t m),
X = +n'm),

Asymptotically
flat spaces - BMS
Group

24/28



Coordinate transformations that preserve the

gauge symmetries

A toti . oy
Symmeries in The surface-deformations that preserve the boundary conditions
Gravity: the

Hamiltonian re ad
Approach

@ =G+t m),
X = +n'm),

where ¢ f.; (x) and & i)(x) are the Poincaré Killing vectors

Asymptotically
flat spaces - BMS
Group

24/28



Coordinate transformations that preserve the

gauge symmetries

A toti . oy
Symmeries in The surface-deformations that preserve the boundary conditions
Gravity: the

Hamiltonian re ad
Approach

@ =G+t m),
X = +n'm),

where ¢ f.; (x) and & i)(x) are the Poincaré Killing vectors

€$(x) = bﬂ-x’#a{

E;(X) = bijxj+ ai, bij = —bﬁ

Asymptotically
flat spaces - BMS
Group

24/28



Coordinate transformations that preserve the

gauge symmetries

Asymptotic . e
Symmetries in The surface-deformations that preserve the boundary conditions
Gravity: the
Hamiltonian re ad
Approach

@ =G+t m),
X = +n'm),

where ¢ f.; (x) and & i)(x) are the Poincaré Killing vectors

&b = bt ix' + at,
E;(X) = bijxj+ ai, bij = —bﬁ
Py and where 1" (x) and 1/ (x) are of O(1), i.e., depend only on the
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here.)
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and that leads to finite charges, including the angular
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can be devised.

The asymptotic symmetry algebra is then infinite-dimensional
and contains BMS,; (Compeére and Dehouck 2011, Troessart
2017).

Asymptotically
flat spaces - BMS

Group This yields an infinite number of conserved charges, in
agreement with the analysis performed at null infinity.
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dimensions, or asymptotically flat spaces in 3 or 4 dimensions.

Furthermore, asymptotic symmetries may allow for a central
extension (even a “field-dependent” one).

Although this was not discussed here, the central extension may
possess great physical content.

Also not discussed here : inclusion of higher spin gauge fields
with their higher spin gauge symmetries - analysis can be
performed following the same ideas.
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