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Notation

R® - continuous elastic media = Euclidean three-dimensional space

X' ! yi 1 =1 2,3 - Cartesian coordinates

Oji - Euclidean metric

[ _ :
U (X) - displacement vector field
&ij = %((%Uj +5J—Ui) - strain tensor
ij

Elasticity theory of small deformations

001+ f1=0 - Newton’s law

O - stress tensor

ol =8¢  +2ue" - Hooke's law

f i(X) - density of nonelastic forces ( f - 0)

A, 1t - Lame coefficients 2



Differential geometry of elastic deformations

/ X y' — X(y) - diffeomorphism: ]Rs s R3
i i y' - X
y X =Yy +U (X) s

glj (X) ?i a j5k| 5 8U —5 U _5” _25” - induced metric (*)

fijk = %(Gigjk +0;0i —0kT;j) #0 - Christoffel's symbols
R,Jk =0, F [ ,kmF —(1 <> J)=0 - curvature tensor
K = —fjkinXk - extremals (geodesics)

Rijkl =0 - Saint-Venant integrability conditions of (*)

~

Tijk 7 Fijk —fjik =0 - torsion tensor



Dislocations

Linear defects:

Edge dislocation Screw dislocation

&

N

b - Burgers vector

Point defects:

Vacancy

i IS continuous = elastic deformations
u(x) < . . e .
IS not continuous = dislocations



Edge dislocation

XA

g dx“d,u' =-pdx“a,y' =-b! (*)
ﬁ‘ c C

o
&éy o YR, u=12,3 -arbitrary curvilinear coordinates

yi (X) - is not continuous !

Gﬂyi - outside the cut

e '(X) = - triad field
< limo yi - on the cut (continuous on the cut)
U on the cu

(*)= b' = <j§dx”eﬂi = H dx“ A dx” (('ﬁﬂevi —6veﬂi) - Burgers vector in elasticity
& S

i i ij : y
T, =06, —0,¢, —(uev) - torsion a)ﬂ” --o,

a)VkJ o (,u <> V) - curvature L SO(3)-connection

ji
i e TR
uv I Thad’ M

b' = ” dx* A dXVTWi - definition of the Burgers vector
in the geometric theory

Back to elasticity: if RWij =0 then a)ﬂij —0 5




Disclinations

Ferromagnets n'(X) - unit vector field n(') - fixed unit vector
n'=ndS;" (w)
P Si.f c S@(_B) - orthogonal matrix
\ " =-w! € 50(3) - Lie algebra element (spin structure)
- K :
w; —Egijka’ - rotational angle
& - totally antisymmetric tensor (&3 =1)
Examples
X2 y X° ij U i
“ Q" =pdx"0 @
C
] .
Xl X ®I = glijJk - Frank vector
; (total angle of rotation)
Y C
BN P
O=2x O=4r 0=\00,



More examples

Nematic liquid crystals

Model for a spin structure:

@' (X) e s0(3) - basic variable

: _ K. ] v :
S;! =6/cosw + Y ki ging + 0),02) (1-cosw) € SO(3), a):«/a)'a)i
), ),

Iﬂij = (8ﬂ8_1)ik Skj - trivial SO(3)-connection (pure gauge)

Gﬂlﬂij =0 - principal chiral SO(3)-model




Frank vector

@" (X) - is not continuous !

L 8, a)ij - outside the cut
@ V=1 =
¢ lim 8ﬂa)”- on the cut

Q' = pdx“w,” = [[dx* A dx’ (8,0,

ij i, = ik
Ruv —8ﬂa)v @,

Q' = [[dx# A dx'R,,"

Back to the spin structure: if N e R?

J
a)vk

- SO(3)-connection
(continuous on the cut)

'-0,m,") -the Frank vector

b (,U <~ V) - curvature

- definition of the Frank vector
In the geometric theory

then SO(3) > SO(2)



Summary of the geometric approach

(physical interpretation)

Media with dislocations and disclinations =
— ]RS with a given Riemann-Cartan geometry
e, - triad field

a)#” - SO(3)-connection

Independent variables

Tuvi — aﬂevi 3 a)ﬂij evj Al (ﬂ > v) - torsion (surface density of
! the Burgers vector)
o, ) —(u <> V) -curvature (surface density of
the Frank vector)

ij i W Ak
Rﬂv —8ﬂa)v @,

Elastic deformations: R,,"=0, T, '=0

Dislocations: R,,"=0, T, '#0

Disclinations: RWij # 0, TWi =0

Dislocations and disclinations: Ruv” # 0, Tuvl %0



The free energy

S=S.c[e]+Scs[@] | -the total free energy

i i : :
No dislocations: 9, =0y (eﬂ S 5ﬂ) - Euclidean metric Sye =0
Three dimensions:

Jj
W, =0 E

ij 1 :
! D, =50 Jguk, -SO(3) connection

s 2 45 (1-form, the only variable)
uv,..=12,3;, 1,},..=1,2,3 -indices

e Sl L S oy
Rok(@)=R,, &y = 2<8ﬂa)vk 0,0, +0, 0, gijk) - curvature

Scg = j ( o' rdo+ 5kal NN /\\]I) - free energy for disclinations
RS

J'- the source term (2-form)

R K—J KX |._equations of equilibrium
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One linear disclination

g“(t) e R3, teR - the core of disclination

S ::dq”a)ﬂi\]i = J‘dtqﬂa)ﬂi\]i = - the interaction term

— [ dtd xq“a) J'6%(x-q) jd x—a) J52( X—0)
g’

03,

5a)ﬂi q

One disclination along x> axis

Notation: X =X, X°=Vy, z:=X+iy

a)xs, w,> - the only nontrivial components /

i
Oy — 5O - one complex component

R, = 2(820)73 = 870)23) - the curvature tensor

T2
Int _ C!g J'52(X—q) - the source term X=(X1,X2)




One straight linear disclination

Fixing the source term: szs = 47Z'iA5(Z), AeR - new kind of defect
. 1A 1
The solution: 0)23 ai, 0, —= 725(2) - important formula
VA
3 ZAy 3 2 AX
Oy =————>, O =——— -real components
X+ X+

Rotational angle field a)(X)

AR P .
X +Y

X2+y2 y

The integrability conditions 0,y =0,@ are fulflled

X :
w=-2A arctan—+C - a general solution

y
G A — tangozi, go::ﬁ - polar angle
y 2A
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One straight linear disclination

To make the rotational angle field @
guantization condition:

RN

X, y) well defined, we must impose the

n
A:E, nez =  o=Nne
n :
SO(3)-connection: a)Xl2 = _2—yz: —N Sing,
X +Y
1 nx .
@, "= —— = NCOsQ.
X +Y
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Conclusion

1) The first example of disclination is described within
the geometric theory of defects.

2) The Chern-Simons term is well suited for disclinations in
the geometric theory of defects.

3) Linear disclinations correspond to a new type of geometric
singularity of the SO(3) connection.
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