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Problem

The spe
tra of 
osmi
 rays measured at the Earth are di�erent from their

sour
e spe
tra.

Sour
e

spe
trum

S ∼ E−p
Transport

Spe
trum

at the Earth

J ∼ E−η

η = p+ (?)

⇓
p = η − (?) or p = η + (?)

A key to understanding this di�eren
e, being 
ru
ial for solving the problem

of 
osmi
-ray origin, is the determination of how 
osmi
-ray (CR) parti
les

propagate through the turbulent interstellar medium (ISM).
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Ginzburg-Syrovatsky's normal di�usion model

If the medium is a quasi-homogeneous the propagation pro
ess 
an be

des
ribed by a normal di�usion model.

Normal di�usion equation

∂N(~r, t, E)

∂t
= D(E)∆N(~r, t, E) + S(~r, t, E). (1)

N(~r, t, E) is the density of parti
les with energy E at

lo
ation ~r and time t;

D(E) is the di�usion 
oe�
ient; D(E) = D0E
δ
;

S(~r, t, E) is the distribution density of a gala
ti
 sour
es.
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Ginzburg-Syrovatsky's normal di�usion model

Spe
trum exponent at the Earth: Steady-state approximation

∂N

∂t
→ 0

⇓
N(~r,E) ∼ E−η ⇒ η = p+ δ

⇓
p = η − δ

δ = 0.3 ⇒ η = 2.7, p = 2.4

δ = 0.7 ⇒ η = 2.7, p = 2.0

lagutin�theory.asu.ru 4 / 34



However, re
ent results show that homogeneous di�usion models failed to

reprodu
e observations (see, for example, G. J�ohannesson et al. // ApJ,

2016, 824).

Multis
ale stru
tures in the Galaxy, found during the last few de
ades, may

be taken as a support to this 
on
lusion.

Theory and observations show that the ISM is inhomogeneous (fra
tal-like)

on the hundreds of parse
s s
ales [1�6℄. Stars formation regions also

demonstrate fra
tal features with spatial s
ales up to about a kp
.
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Motion of 
osmi
 rays in the interstellar medium

What has been said need not be taken to mean that �tangling� of the lines of for
e guarantees

the appli
ability of the di�usion approximation for 
al
ulating the spatial distribution of the

parti
les. That this is not so is 
lear from the model dis
ussed by Gemantsev (IZV. vyssh. u
heb.

zav. Radio�z., 1962; Astr. zh., 1962; Soviet Astronomy-AJ, 1963). Let us assume that motion

o

urs only along randomly tangled for
e tubes but that there is also s
attering of the parti
les

in the tubes themselves. For the latter reason we shall 
onsider that the motion along the tube

has the nature of one-dimensional di�usion with a di�usion 
oe�
ient D′
. Then in a time t the

parti
le moves an average distan
e of L′ =
√
2D′t along the tube, i.e., will move at an average

e�e
tive velo
ity v′ = L′/t =
√

2D′/t. The general shift of the parti
le in spa
e (as the result

of di�usion along the tube and the tube's 
hange in dire
tion) is

L =

√

(D′t)1/2l/π1/2 ∝

√

2

3
lv′t ∝ t1/4.

instead of that whi
h o

urs during ordinary di�usion a

ording to the law L ∝ t1/2.

From this example (and moreover from other 
onsiderations) it is 
lear that tangling of the for
e

tubes still does not guarantee the validity of the di�usion law L = t1/2. We 
onsider, however,

that the a
tual 
ir
umstan
es and arguments provide good reason for using the di�usion model

in the Galaxy and not, let us say, Getmantsev's model.

V.L. Ginzburg, S.I. Syrovatskii, P. 175.
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Goal

The main goal

The main goal of the report is to retrieve the 
osmi
 ray inje
tion spe
trum

at the gala
ti
 sour
es taking into a

ount the inhomogeneity of the

turbulent interstellar medium.

The spe
trum observed at Earth and two di�erent transport models, based

on anomalous and normal di�usion equations are used.
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Part 1

Anomalous di�usion model
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Anomalous di�usion (AD)

A possible way to generalize normal di�usion model is to repla
e the

assumption about statisti
al homogeneity of inhomogeneities distribution

by their fra
tal distribution. An important 
onsequen
e of this

generalization are:

L�evy �ights: The power-law distribution of free paths r in su
h a medium

p(~r,E) ∝ A(E,α)r−α−1, r → ∞, 0 < α < 2.

L�evy trap: The probability density fun
tion q(t, E) of time t, during
whi
h a parti
le is trapped in the inhomogeneity, also has a

power-law behavior

q(t, E) ∝ B(E, β)t−β−1, t→ ∞, β < 1.
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A generalization of the homogeneous normal di�usion model to the 
ase of

inhomogeneous (fra
tal-like) ISM, has been made for the �rst time in our papers

[7,8℄. Later, it was shown [9�14℄ that an anomalous 
osmi
 ray di�usion model,

developed by the authors, allows to des
ribe the main features of nu
lei, ele
tron

and positron spe
tra observed in the Solar system. Parti
ularly, in the anomalous

di�usion model the key feature of the all parti
le energy spe
trum � the knee at

3 · 1015 eV � appears naturally without additional assumptions.
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11. A.A. Lagutin, A.G. Tyumentsev // Bulletin of Altai State University, 2004, 5, 4 (in Russian).
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Anomalous di�usion equation

Without energy losses (α ∈ (0, 2], β ∈ (0, 1])

∂N

∂t
= −D(E,α, β)D1−β

0+ (−∆)α/2N(~r, t, E) + S(~r, t, E), (2)

(−∆)α/2 is the fra
tional Lapla
ian (Riesz operator);

Dβ
0+ is the Riemann-Liouville fra
tional derivative;

D(E,α, β) ∼ A(E,α)/B(E, β) = D0(α, β)E
δ
is the anomalous

di�usion 
oe�
ient.

Riesz operator

∫

Rm

eikx(−∆)α/2f(x) dx = |k|αf̃(k). (3)

Riemann-Liouville operator

∞
∫

0

e−λtDβ
0+f(t)dt = λβ f̃(λ). (4)
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Solution for point instantaneous sour
e

S(~r, t, E) = S0E
−pδ(~r)δ(t)

N(~r, t, E) = S0E
−p(D(E,α, β)tβ)−3/α×

×Ψ
(α,β)
3 (|~r|(D(E,α, β)tβ)−1/α). (5)

The density of fra
tional stable distribution Ψ
(α,β)
3 (ρ)1

Ψ
(α,β)
3 (ρ) =

∞
∫

0

g
(α)
3

(

ρτβ/α
)

g
(β,1)
1 (τ)τ3β/αdτ

is determined by three-dimensional spheri
ally-symmetri
al stable distribution

g
(α)
3 (ρ) (α ≤ 2) and one-sided stable distribution g

(β,1)
1 (t) with 
hara
teristi


exponent β ≤ 1.

1
U
haikin V.V., Zolotarev V.M.: 1999, Chan
e and stability, VSP. Netherlands, Utre
ht.
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Three-dimensional density of fra
tional stable distribution

Ψ
(α,β)
3 (ρ) for di�erent values of (α, β)
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Asymptoti
s of Ψ
(α,β)
3 (ρ)
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Knee in the 
osmi
 rays spe
trum

Taking into a

ount that ρ ≡ |~r|(D(E,α, β)t β)−1/α
, we �nd

N ∼ E−η = E−p+δ, E ≪ Ek

and

N ∼ E−η = E−p−δ, E ≫ Ek,

where Ek is the knee energy.

Sin
e ∆η = η|>Ek
− η|<Ek

is known from experimental data to be equal

∆η ∼ 0.6, last equations permit to retrieve self-
onsistently both spe
tral

exponents p and δ:
δ = ∆η/2 ∼ 0.3,

p = η|<Ek
+ δ = η|>Ek

− δ ≈ 2.8÷ 2.9.

At E = Ek spe
tral index η(Ek) is equal to inje
tion exponent p at the

Gala
ti
 sour
e.

lagutin�theory.asu.ru 16 / 34



Re
ent results on SNR (Fermi-Lat, H.E.S.S., VERITAS)

SNR IC443 ⇒ p ≈ 2.87 for E > 69 GeV ( A.A. Abdo, M. A
kermann,

M. Ajello et al. // ApJ, 2010, 712, 459),

SNR W44 ⇒ p ≈ 3.3 (A.A. Abdo, M. A
kermann, M. Ajello et al. //

S
ien
e, 2010, 327, 1103).

SNR W49B ⇒ p ≈ 2.84 (H.E.S.S. Collaboration, H. Abdalla, A.

Abramowski, F. Aharonian et al. arXiv:1609.00600).

RX J1713.7-3946 ⇒ p ≈ 3.0 (T. Tanaka, Y. U
hiyama, F. Aharonian

et al. // ApJ, 2008, 685, 988).

Ty
ho's SNR ⇒ p ≈ 2.92 (S. Ar
hambault, A. Ar
her, W. Benbow et

al. // ApJ, 2017, 836, 23).
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Cosmi
 rays spe
trum

J(~r, t, E) = JG(~r,E) + JL(~r, t, E) + JNS(~r,E).

Here

JG is the global spe
trum 
omponent determined by the multiple old

(t ≥ 106 yr) distant (r ≥ 1 kp
) sour
es.

JL is the lo
al 
omponent, i.e. the 
ontribution of nearby (r < 1 kp
)

young (t < 106 yr) sour
es. The spatial and temporal 
oordinates of

the lo
al sour
es 
an be found in our papers.

JNS is the �ux of non-s
attered parti
les.
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Cosmi
 rays spe
trum

J(~r, t, E) =
v

4π

[

SGE
−p−δ/β +

S0E
−p

D(E,α, β)3/α
×

×
∑

rj<1 kp


tj<106 yr

tj
∫

max[0,tj−T ]

dττ−3β/αΨ
(α,β)
3

(

|~rj |(D(E,α, β)τβ)−1/α
)

+

+ SNS

∑

rj<1 kp


E−p+δL |~rj |−α

]

exp

(

− E

E0

)

. (6)

p = 2.85, δ = 0.27, δL = δ/2, E0 = 4 · 1018Z eV, T = 104 y

α = 1.7

⇒ D0 ≈ 1.5 · 10−3
p


1.7/yr0.8

β = 0.8

A.A. Lagutin, N.V. Volkov, A.G. Tyumentsev, R.I. Raikin, arXiv:1703.02795



Cosmi
 rays spe
trum in the AD model

S(E) = S0E
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Knee in the 
osmi
 rays spe
trum

The knee energies for di�erent elemental groups of nu
lei

Nu
lei Knee energy, eV

H (6.1 ÷ 6.5) · 1014
He (1.8 ÷ 2.2) · 1015
CNO (5.8 ÷ 6.3) · 1015
NeMgSi (0.8 ÷ 1.2) · 1016
Fe (2.6 ÷ 3.0) · 1016
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UHECR spe
trum in the AD model
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Our model 
ontains the multiple ankle-like features in spe
tra of elemental

groups of nu
lei at E > 3 · 1017Z eV.

A.A. Lagutin, N.V. Volkov, A.G. Tyumentsev, R.I. Raikin, arXiv:1703.02795
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Mean logarithmi
 mass and elemental fra
tions
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Mean logarithmi
 mass (a) and elemental fra
tions (b) of CRs predi
ted by

the anomalous di�usion model.

A.A. Lagutin, N.V. Volkov, A.G. Tyumentsev, R.I. Raikin, arXiv:1703.02795
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Mass 
omposition: Basi
 model predi
tions

The 
omposition be
omes heavier with energy from the knee to

∼ 1017.5 eV and rea
hes a maximum of mean logarithmi
 mass

〈lnA〉 ∼ 2.4.

In the energy region (4 · 1017 ÷ 2 · 1018 eV) the mean logarithmi
 mass

de
reases rea
hing the minimum value of 〈lnA〉 ∼ 1.6.

The rapid weighting of the mass 
omposition is observed at

E > 2.5 · 1019 eV up to the pure iron 
omposition at the 
ut-o�.
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Part 2

Normal di�usion of 
osmi
 rays in non-homogeneous ISM
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CR parti
les di�usion in highly non-homogeneous ISM

New approa
h: basi
 prin
iples and assumptions

The medium properties of inhomogeneous ISM vary in spa
e and time.

The parti
les emitted by Gala
ti
 sour
es en route to the Solar system

pass through the regions of the Galaxy, that have the di�erent

di�usion 
oe�
ients.

The parti
les with probability density ϕ(D0) propagate in the ISM

with a di�usion 
oe�
ient D0,

∞
∫

0

ϕ(D0)dD0 = 1.

lagutin�theory.asu.ru 26 / 34



Observed density N(~r, t, E)

Homogeneous ISM: Solution of the Ginzburg-Syrovatskii normal

di�usion equation

N(~r, t, E) =
S0E

−p

(4πD0Eδt)3/2
exp

(

− r2

4D0Eδt

)

, (7)

⇓

dND(~r, t, E) =
S0E

−pϕ(D0)dD0

(4πD0Eδt)3/2
exp

(

− r2

4D0Eδt

)

, (8)

⇓

N(~r, t, E) =

∫

dND(~r, t, E) =
S0E

−p−3δ/2

(4πt)3/2
×

×
∞
∫

0

1

D
3/2
0

exp

(

− r2

4D0Eδt

)

ϕ(D0)dD0. (9)
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Possibles types of di�usivity distribution ϕ(D0)

We follow the approa
h presented in (S.V. Petrovskii, A.Y. Morozov // Am. Nat.,

2009, 173)

If r is random jump length of parti
le and τ is the time required to make this

jump, the di�usion 
oe�
ient is given by equations

D0 =
r2

2τ
, D0 =

v2τ

2

same value of r ւ ց same speed v

ϕ(D0) = ψ(τ)

∣

∣

∣

∣

dτ(D0)

dD0

∣

∣

∣

∣

=
r2

2D0
2ψ(τ), ϕ(D0) = ψ(τ)

∣

∣

∣

∣

dτ(D0)

dD0

∣

∣

∣

∣

=
2

v2
ψ(τ).
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CR parti
les di�usion in highly non-homogeneous ISM

New approa
h

We adopt the following fun
tional form

ϕ(D0) = AD−γ
0 exp

(

− D

D0

)

, (10)

where A =
D

γ−1

Γ(γ − 1)
is the s
aling fa
tor, D is the 
hara
teristi
 di�usivity

for the Gala
ti
 medium, γ > 1 is an auxiliary parameter, D0 > 0. We

additionally de�ne ϕ(0) = 0.

N(~r, t, E) =
S0AE

−p−3δ/2

(4πt)3/2
×

×
∞
∫

0

dD0

D
γ+3/2
0

exp

[

−
(

D+
r2

4Eδt

)

1

D0

]

. (11)



CR parti
les di�usion in highly non-homogeneous ISM

New approa
h

N(~r, t, E) =
S0AE

−p−3δ/2

(4πt)3/2

(

D+
r2

4Eδt

)−γ−1/2

Γ

(

γ +
1

2

)

. (12)

At any given moment of time t and for su�
iently large r, so that

r2 ≫ 4DEδt, the density of parti
les N(~r, t, E) has the form

N(~r, t, E) =
S0D

γ−1

π3/2(4t)1−γ

Γ
(

γ + 1
2

)

Γ (γ − 1)

E−p−δ+δγ

r2γ+1

or

N(~r, t, E) ∼ E−p−δ+δγ

r2γ+1
. (13)
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The inje
tion spe
trum exponent at the Gala
ti
 sour
e of

the CRs

Thus, instead of the Gaussian distribution of parti
les density, whi
h is

predi
ted by the homogeneous normal di�usion models, the large-distan
e

asymptoti
al behavior, we have obtained, is des
ribed by a power law

∼ r2γ+1
.

AD model

N(~r, t, E) ∼ E−p+δ

r3+α

η|<Ek
= p− δ

p|<Ek
= η + δ

Normal di�usion model

N(E) ∝ E−η = E−p−δ+δγ

η = p+ δ − δγ

p = η − δ(1 − γ)

sin
e γ > 1, p > η.
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Model with exponential de
rease at D0 → ∞

It should be noted that a similar anomalous spatial distribution of the

parti
les density may be found in the 
ase of ϕ(D0) ∼ Dθ
0 exp

(

−D0

D

)

,

where D is the 
hara
teristi
 di�usivity for the Gala
ti
 medium and

0 < θ < 1.

For this s
enario we have found

N(~r, t, E) ∼ rθ−1 exp

(

− r√
DEδt

)

E−p−δ(θ+1)/2.
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CR parti
les di�usion in highly non-homogeneous ISM

Con
lusions

Using normal di�usion model, we have shown that the variation of the ISM

properties leads to an anomalous spatial distribution of the parti
les

density. Its asymptoti
 behavior for 1.5 < γ < 2 pra
ti
ally 
oin
ides with

our result obtained in the framework of the anomalous di�usion model for

1 < α < 2. In other words, the 
osmi
 rays observed at Earth 
olle
tively

appear to display non-di�usive (superdi�usive) 
hara
teristi
s although

individual parti
le has moved in a di�usive manner.

We have shown that the average value of the inje
tion index p, obtained in

the framework of both transport models, equals to p ∼ (2.8÷ 3.0).
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Thank you for attention!
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