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This talk: mainly on the following papers

M. M. and Jean Zinn-Justin
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William A. Bardeen and M. M.
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+ some history and some recent work in progress



Plan of this talk
(1) motivation

AdS/CFT and spontaneous breaking of scale invariance

Past motivation - smallness of physical masses

(2) Old Stuff

§ 1 —p i —5 /12 - ¢ /\ f— Il .
3. b, A2 A2 A4 £\6
./(1 1 [—50'() ¢+ ?(C)) T JIN(Q) + 77 (9)

and | | -
S = /(1'3.1‘(-12.9 [5D® - D® + NU(®°/N)]

with  U(®?/N) = (u/N)®? + & (u/N?)®*



(3) Chern-Simons gauge field coupled to a U(N) scalar - light cone gauge

Scs(A) = ——e#,,p/dBJ:T'r[ u(z)OA,(T) + - A ul(T)A V(;L‘)Ap(.ll)‘

Sscaar = [ 4% [(Du6(@))! - D) + NV (6(2)' - @)/ V)

and
4 SW.v, A)=Scs(A) +Sp(v. ¢, A)
with Sp(v. v A) = — /d31' U(z) (D + Mp)w(x)

In the As = 0 gauge,



(5) On the Fermion-Boson mapping in 3D

Will be shown that the conditions for
spontaneous breaking of scale
invariance 1n the boson and fermion
theories are dual copies of each other.



Klebanov Polyakov conjecture (hep-th/0210114):

Minimal bosonic higher-spin gauge theory with
even spins in AdS; — — — > Standard AdS/CF'T
of this action using dimension A, gives the cor-
relation functions of the singlet currents in the
large N vector )\(c:)“1 at its IR critical point.

Also: Sundborg, Sezgin, Sundell, Gubser, Mi-
tra, Sagnotti, Vasiliev, Witten, Leigh, Petkou,
Giombi, Yin

and many others (2002-2007)

and more recent Aharony et al., Maldacena et
al. ., Wadia et al. , Giombi et al, Jevicki et al

. and many others(2011-2015)

O(N) wvector theories in d=3 SUSY and non-
SUSY with Chern-Simons interaction



Two, very well understood, mechanisms for
breaking scale invariance

(a) Explicit breaking of scale invariance, which
is expressed at the quantum level by the anomaly
in the trace of the energy momentum tensor, as
the result of radiative corrections.

(b) Spontaneous breaking of scale invariance

(e.g. Nambu—Jona-Lasinio as the relativistic ver-
sion of the BCS theory)

In conventional quantum field theories the two
mechanisms occur simultaneously, no massless
Nambu Goldston boson (Dilaton).



Supersymmetric models in the
large N limit
O(N) invariant supersymmetric action (d=3):

S = / A3z d?6

) vector: ®(0,x) = p + 0 + $00F

.D® + NU(®/N)]

tolr—x

Components - for a generic super-potential:

s:'/'dg L= + (8,0)? — (- )U'(9%/N)
— (- ) - YU (92 /N) /N + GPU" (52 N)



The following are several phenomena that
take place at N — oco:

(1) A supersymmetric ground state with
m,, = my # 0 exists even in a renormalized scale
invariant theory.

(2) At a certain strength of the attractive force
between O(N) bosons and fermions, massless
O(N) singlets bound states are created.

(3) At the, above mentioned, critical value of
the coupling constant, though m, = ms # 0
there is no explicit breaking of scale invariance
<OHS,>~<T" >=10.



(4) The massless fermionic and bosonic O(N)
singlet bound states mentioned in (2) are the
Goldston-bosons and fermion (Dilaton and Di-
latino) of the spontaneously broken scale invari-
ant theory.

(5) Item number (4) is related to the double
scaling limit in O(N) matrix and vector theories
and the stringy nature of quantum field theory in
this limit.

(6) Will discuss finite temperature effects on
(1)-(5) and an unusual phase transitions in the
supersymmetric model in d=3.



Large N methods
for supersymmetric actions

Introduce two new superfields:

L(0,2) = M + 00 + S0\
R(0,x) = p+ 0o + 500s.

Add an extra term to the action:
S(P,.L,R) =

/de d?0 {1D® -D® + NU(R)
+ L(0)[®*(0) — NR(6)]}

Integrate out N — 1 components of ¢, (&1 = ¢).



2= [lgdrjar) ey D

Sy — / &2 420 [LDéDe + NU(R)

+ L(¢" — NR)]
+ 3(N —1)Str In[-DD + 2L).

Note: action ~ N and thus three saddle point
equations ( in terms of the superfields ¢, R, L ):



Action density: £ = Sy /volume :

E/N =2 M?p* /N

1
: — |M|)? 2| M
5= (m = (M) (m + 2| M])

m is the boson mass, M is the fermion mass.

& is positive for all saddle points and has an ab-
solute minimum at my, = m = |[M| = my ( a
supersymmetric ground state ).



$* super-potential in d = 3:
phase structure

U(®2/N) = (u/N)® + 4(u/N?)®*

Gap equations (saddle point equations) reduce to

.

M= — pio +ut— — —|M| , Mo =0
o= e +ug = ML v

Note the special case:
i— fte = ptr = 0 in the O(N) symmetric phase

(p=0).
The gap equation is:

Uu
M=——|M
1M
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Fig. 1 Summary of the phases of the model in the
{pt — pte, v} plane. Here my, = my = |[My| = (0 —
e/ (uw/ue £ 1). The lines v = u. and g — gt = 0 are
lines of first and second order phase transitions.
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The action density £(m, ¢):

2

N
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Fig. 2 Region IV : The action density %5(?71,99)
as a function of the boson mass (m) and A, where
A? = p?/u.. Here p—pe — —1 , u/u. — 0.2. As seen
here there are two distinct degenerate phases. One is
an ordered phase (¢ 7% 0) with a massless boson and
fermion, the other is a symmetric phase (¢ = 0) with
a massive (m = |M_|) boson and fermion.

lo.15
0.1 w

10.05
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{0.025

Fig. 3 Region I1: The action density &£ (12, 4) as a
function of the boson mass (1) and A, where A% =
gaQ/uc. Two degenerate, O(/N) symmetric phases ex-
ist with massive bosons (and massive fermions). Here
p— e = 1 (sets the mass scale) w/uwu. = 1.5.
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o.04
0.03
0.02
0.01
1 z 3 4 5 5
Fig. 4 The action density %5(?71,@ = 0) in re-
gion ITI of Fig. 1. Here 4 — pe = 1 (sets the
mass scale) and w/u.—= varies between 1.6 and 1.2.

There are two massive, degenerate O(N) symmet-
ric SUSY wvacua with ¢ = 0 and possible large hi-
erarchy of masses |[M_ /M| >> 1 (as ©v — u. )
with my = m, = M = (y, — ,u.c)/(u/uc -+ 1) and
My — 1y — — M = (e — pe)/(w/ue — 1).



More on w = u, — 47 :

For example in go(52)§:3 at N — oo limit.

Leave cutoff A finite and thus ("flat potential”):

M, = A Fg] = A% A(go — go)
A A
when go(—) — ge as — >>1
H F
find:
m?}hys = A" 1t? by "dimensional transmutation”

and define the 3(gp) function from:

2
e, . 0

A

Still

there is no scale anomaly and scale invari-
ance is spontaneocusly broken.




Special situation: U = U, = 47T

(LL) propagator, and massless fermion and
boson O(N) singlet bound states

The (LL) action

N

A3z d?0(L —
~ 5. T ( )?

+3 (N — 1)Str In (—DD + 2L)

A7 = 1
L 47r|ﬂff|{

4 [M + | M|(ue/uw)]82(6" — 6)} e97¢

Corresponds to a bound state super-particle of
mass 2M (1 — u./u). At the special point u = u,
the mass vanishes.

Namely, massless boson and fermion, O(N) sin-
glets associated with the spontaneous breakdown
of scale invariance. Dilaton and Dilatino masses

mp, — mp, = 2M(1 —u/u.) — 0

as U — Ue
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F.g. The ¢V - scattering amplitude

Ty p o (P?), in the limit p? — O satisfies:

2w w1y w oy o]
T.-'- I 2 ~ 1 v _
e (D7) N { - A7 | 1724 | 87T |mu|}
167 |12, |

N P

Namely, a masless O(/N) singlet, fermion-boson
bound state Dilatino for m,; < 0 and u — u,

If we slightly deviate from the critical coupling
U., dilatino acquires a mass given by

mp, = 2 (1 T u?) |m’t«|

Similarly, in the boson-boson scattering am-
plitude 7., .., or fermion-fermion 7. ... 4., oOr
fermion-fermion to boson-boson scattering ampli-
tude 7%y, ., one finds the Dilaton pole at

mQD@ =4 (1 — %)Qmi
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A supersymmetric non-linear c-model
at large N

Comnsider the supersymmetric n.l. o-model in d
dimensions, 2 < d < 3.

1 _
S(®) = 5 /ddmd29 D® - D®
=

Dimension d = 3.

1
E/N = — M?2p?
/ oNr P

1 2
+ o (m — [M]?(m + 2|M))

Dimension d = 2.

; = 81 [ — M? + 2M? In(M/m)] .
v
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Contin. Dimension d = 2.

M=m=Ae 27/x



Energy momentum tensor for

the SUSY Lagrangian in 3D

L = 3[VapV %% — pge®] + 39 (i7*Va — po)
\ a2
— (u/N)po(p?)? — L5 (£%)?

— L2 () — ER(x)

b3 =

For scalars:
7 — V1V H_?  where IV H .
Vo=V, "o where V| ¥ 1s a tetrad,
For fermions:

Vo=V,

+ 5 G"SWL a;'v'& e :’-fr'!!;{.l

E-‘.I:Ju

: C e 1 av. . .
The covariant derivative 1s Vo = —o —I; u Ve
and o%° = % [’}-"",F}--S] are the generators of the

. . . - . 1
Lorentz group representation for spin 35 .



The action 1s given 1n tetrad formalism in d = 3:
i 3 ——TT T
8 Smatter = fd -r"v'f_g't"a dea g

Do = Vo U

£

T 1 S5 atter
where [ matic
H WG Jva *

and:

o 1(_'5‘ I:I-:I '5-‘5'!1-1& =
L (2) = Fviy) Vo

Finally, in a covariant, symmetrized form i a
general non-flat background, the energy momen-
tum tensor 1s given by:

SISy
TJu i =

1% (’mﬁu n mﬁ"“) W — L3 (’}'pﬁu n m;‘ﬁ“) "
3¢t (7))

— 3 (vp'ﬂ‘j?'ﬂ"f:' — 2 — 2o (92)7 — (%)? (-‘#2)3)

+ E (EE&R - RP”) '.'FE + (S [g{.l!fvﬂv& - TP_Tu] "-F‘E

+ VyueVie — %me (?r_l??r — poth — (




The SUSY energy-momentum tensor in 3D (£ =

% in 3D ) reduces in the case of flat space to:

Tuw = Opp 0 + 5 (0000 + Y7, 0u0)

i
— 1 S . . My 2
Ty [ﬁﬁa;(i];’;’iﬂpu — T':'.n

— (u/N)puo ()" — L ()]
o (3700 — 70 - 402 (7))

o % (ﬁﬁa;;‘fgz - "'?{.J.!«’@E"'FE)
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(pg | T | pT) = pivs + PhpY
. T?p:yplp2 . ??p,qu
+ 5 (¢*q” — " q*) x

1 _1
x 1—8/ dea(1 —x) |14 2| Q}X
0

! x(1—=)q” _% -
x 1—f0dm[1+mg} }

Finally,

(pg |T*| p$) = pi'py + phpy — 7" pipa — n*'m?
L’ L’ mQ
+(¢"q" — " q) (i — q—z)
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The trace of the energy-momentum tensor:

TH = 2p1po — 3p1p2 — 3m>

+ (¢° — 3¢%) (ﬁ — ?—9)

_ 2 _ q°
— —P1pP2 — M — &

—%((}01 —}02)2 + 2ppo) — m2 =0

Used (here, Euclidean space) p; = p3 — —m?2.
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Energy momentum tensor in one particle
fermionic state

[ dbweiem (v, 11, @151, =
_%ﬂ (pQ) [(pluf}/;.t + plp:’}/u) + (pQU'YP: + pQ,u’Yu)
+2 (np:u - g‘&%ﬁ'u) m]u (pl)

This expression is also traceless.
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Remarks on the Double Scaling Limit

Geometry by dense Feynman graphs of the same
topology (1/N expansion).

Double scaling limit is enforced in

ZN(Q’) =
/D‘i 8 [ dlzTr[@(z)K®(2)+V (2())]}

®(x) - NxN Hermitian matrix

V(@) depends on coupling(s) constant(s) {g;}.

Dynamically triangulated random  surfaces
summed on different topologies viewed as the
manifold for string propagation (d = 0 Matrix
models)

Nonperturbative treatment of string theory, when
the double scaling limit is enforced (N — oo and

g — gc).
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Genus (G) expansion of the free energy:

. : N ¢
F=InZy = a + bln3+ ZN?U_GJ {g}b Feo
oS '

~ 3 ()22 A a)
> (3

Weak coupling limit, % ~ % — 0 - a one-
dimensional frozen Dyson gas, the planar graphs

dominate.

Pauli repulsion between the eigenvalues - at
strong coupling, at critical point {g;} = {gic}
as N — oc and % — 1 (or {g:} — {gic}) non-
planar graphs become important.

Factorial growth of the positive A5{g;} with
the genus G, thus the topological series is not
Borel summable and a nonperturbative approach
is needed.

At a given topology, As{g} has a finite radius
of convergence, when expanded in powers of the
coupling constant g.
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The critical exponents of this model are calculable
since the model belongs to the same universal-
ity class of two-dimensional, conformally invari-
ant matter field in gravitational background.

A major progress can be achieved if extended to
d > 1 dimensions. One will then obtain a rela-
tion between d dimensional QFT and its possible
representation as a stringy object.

O(N) symmetric vector models represent dis-
cretized filamentary surfaces - randomly branched
polymers in their double scaling limit.
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O(N) supersymmetric model
at finite temperature

z = [laolamIdL) e Sx@ R

SN = /dedQQ[%I—)qﬁDqﬁJr NU(R)

+ L(¢* — NR]
+3(N —1)Str In [-DD + 2L]

1
k2 + M2 + A

i 1 1
GO -
o T(k2+ﬁffi%+)\ k2+Mi%)

A(k,0,0) =

M~ the expectation value of M (x) at finite tem-
perature 7.
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GQ (mT, T)

T fA dd—1k
T d—1 Z 2 2 2
(27) = (2mrnT")? + k2 4+ m2,

I G Gy I 1,1
- (2m)d—1 w(k) \2  eBwlk) ]

Fermions:

Go (M, T

oM a1 1 1
/ (2m)d—T w(k) \ 2 e(R/T 4]

with w(k) = /k? + M?2.
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+ A;’N + Ls(U'(p) — My)

1
T Jor (mT |MT|3)

+ %A‘(Joc - P)

+ T/ 2m)? {ln 1 — 67'3“"""} — In[1 + e*-&‘"'ﬂ}

Peculiar transitions occur in this system
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Region (IT) pt — e = 0 and u > u.: (see Fig. 4
at T=0).

w

0.04 |
0.03
0.02 |
0.01
m
-0.01 |

—0.02 !

—0.03 |

Fig. 5 Ground state free energy at ¢ = 0 as a func-
tion of the boson mass (m) at different temperatures.
Here p© — pe = 1(sets the mass scale) , u/u. = 1.5
and T varies between T" = 0 — —0.5. At T = 0 two
degenerate phases with a light m = m and heavier
m = m_ > my boson (and fermion). Light mass
phase is affected as temperature increases.
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Region (IV) p <0 and u < u.:

Fig. 6 Same as Fig. 2 but the temperature has
been increased from 7' = 0 (in Fig. 2) to T" = 0.7
(here). %F(?n = m, @, 1) as a function of the boson
mass (m) and A, where A% = ¢°/u.. Here p = —1
and u/uc = 0.2. A non-degenerate O(NN) symmetric
ground state (¢ = 0) appears with a very small boson
mass (the non-zero mass is not seen here due to the
limited resolution of the plot).



0.05

—

-0.05

-0.1

Fig. 7 This figure displays the effect of increasing the
temperature from 7T = 0 in Fig. 2 to T that wvaries
between 7" = 0 — 0.7 (Fig. 6 has T = 0.7). The
ground state free energy %F(?n = me,p, L) at =20
is plotted as a function of the boson mass (m) at
different temperatures. Here p = —1, u/uc. = 0.2. At
T = 0 there are two degenerate phases: An O(N)-
symmetric phase, shown here, with a massive (m =
m_) boson and fermion and an ordered phase (¢ #
0) with massless particles (both phases are shown in
Fig. 2). At finite temperatures the O(N) symmetry
is restored (see Fig. 6) and a small mass ground state
appears, the heavy mass state decays into the small
mass ground state as seen here.
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Supersymmetric O(N) non-linear
oc-model at finite temperature

Z = /[d(I)][dL] e S(®,L)

S(®,L) =
1

5 dzd?60 D® - D® + L(®> — N)
~

The free energy is given by

1 1 1
ﬁf - %(ﬂ’f';% - m%ﬂ)(; - ?)

1
— 15 (mr — [ Mz |?)

2
-+ T/ (;17:;:2 {In[1 — e —Bwe v — In[1 + e_-S“""~*]}

(for ¢ = 0):
1
N

g(m’r — | Mz |)?(mg + 2| M7|)
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T
+ 4—(m2T — M2)In(1 — e/ T)
T

+ Tf (;ﬁf; {In(1 — e P*¢) —In(1 + e Pws)}

notation

e [3 (1 -1)]

An interesting non-analytic behaviour:

My =0 for X < 2,
{ Mp =2TIn [$(X + VX2 — 4)]
for X > 2

The boson thermal mass m:

For 1 < kK. and 1" — 0 we find the asymptotic
behaviour
my ~TX(r,T),
Dimension d = 2. At high temperature
T 1

—— ~ —In(mr/m) ~ 1 In(7"/m),
mr T T
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Scalar-Fermion thermal mass difference
at finite temperature

2 2

mA—muf-,:u[@

2w
— | e,

bl
_|_ T;; ]-Il( 11_'__ee—ﬁ1u-_:_ )]

My | — ma)

Clearly mi + mi at T'#0

Dilatino mass:
MP =2 (14 ey ) + 02

d is the boson-fermion thermal mass difference.
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~ (Ti)p = 5 (I22)p =

_ (my—|my DNZ(me+2]may )
24

mQ. —mQ
+ —752In(1 — e Pme)

— 2 m —|—m
% <TDD>T _ _(m |mu|)24(:1‘p—|— [, ]) + e 111(1 _ e Bmﬁp)
Bim.,
1 - —B
o Tr33/ yl]fl(]_ - F 2178 |mU|)
' Blm.|
and thus the trace of the energy momentum ten-
sor is:
- R +2 aly Bm
B (T, #y, = — et 2 3 g i

— ln(l—e -Bm‘P)—

4,”3 ln(l +e Slm‘*')

211.'3

Using the gap equations this simplifies to:

< T, “)T — N(mi — mi)fg—ﬁ
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Taking into account the gap equations, we get the
following expression for the thermal expectation
value of the energy-momentum trace

< T, “)T = N(mi — mi)f;—i

Supersymmetry is softly broken when the temper-
ature is turned on but the vanishing of the trace
of the energy momentum tensor is guaranteed at

,U,R:O.



Chern-Simons gauge field coupled to a U(N) scalar - light cone gauge
William A. Bardeen and M. M. JHEP 1406 (2014) 113

Scs(A) = ——e,u,,, / drTr |A [ )0 A,,(.c)+ A u(z)A, (I)Ap(a:)]

Sscaar = [ 4% [(Du6(@) - Dyb(x) + NV (é(a) - 6(z)/N)]

in the light-cone gauge the action is linear in A%
SCS + SScalar = /d3£{4%Aid_Ag — Q'ﬁ(@g + 26+0_)¢

—¢TA* T0_¢+0_¢' A" T
— ¢1 A3T93¢ + D30T A%3T¢

— C,bf (AasAasTaTb) o+ NV(QS]L : qb/N)}



_ P A% = J* = $'T%9_¢ — 0_p'T%
47

3 (p) = (QW) 2ip" 1 H[]_)(z:lm') Ja

pt2+e ~ pt -

4me 1 Al
G3(p) = -Gz (p) = TF . 4mﬁp_+

NV(¢'-¢/N) = ¢! - +——(¢~* PP+ N2(¢* ?)°



e, =i, [

d?q [ d3l{ 2/\2(Z+P)+(Q+P)+( 1 )
( (l=p)*t(g—p)*" \(¢* + X(g))( + X(1))

(2x)3 J (2m)3
— 872 2(l+p)+(q+l)+( 1 )}
S =P - \ @ +2@) B+ =0) 25)
which sum up to
) d3q d3l 1
(a,b,c) = A2 \2S:
2R Ay =4 | B3 | R @ T@) B+ E0)
dBq [ &3 1

@ (p. \)is = LA
3 )(pa A)"J o 2)\66” (27r)3 (27!')3 (q2 + 2(q))(l2 + E(l))

— A2 2 : 2
2U(p, A, Ae) = 4 (A 87r2) { / (27r)3 (¢ + X(q)) }



(a) X = M2 =0 (b)) T=M?>#0 if NX+2=4



'\\\ >_r,\-*' :-;}’ \{\\, e . ) / \<“A‘/“ . /f //
\\ \v/ \ ; /
@n a2 1 ib2)
o A / \ ;.
\:? i // \I\Qy/ //
N \(\y // f 'u'/' - \%’/
el ic2! . 7\
[
\/
(\}H
A6 &l 1 &g
Ve—d(p k) =V = —8x2( A2+ — —
(P, ks) 872 ) | Cr3\2+3%) ) ©@n)?

((l +k;2+ 2) (q2-lrz)



The contribution to the vertex of diagrams al-2, b1-2 and ¢1-2 in figure 3 is:

Bl d3q
(2m)3 (2m)3

{- =) (557) (7)o )( )
q—p RP+Y/\(1+k)2+X (q+k)2+2
l+p q+p+k 1 1
—p P+Y)\g2+Z q+k)2+E
(’”Y("*’”’”)( =) (=s) (aree)
P P+YX/\(+Ek)>+X (q+k)+2
l+p\T(l+q 1 1 1
(2) (721) (me) (75s) (emees)
(l+q+k) (q+p+2k) ( 1 )( 1 )( 1 )
P+Z)\(I+k)32+X2/\(¢g+k)2+X
l+q g+p+k 1 1 1
+(l—<1) ( q—p ) (12+2)(42+E)((q+k)2+2)} (2.19)
The self interaction of the scalar fields contributes to the vertex the term
1 d3l  d3q 1 1 1
VR = POEIPIE { (P+E)((l+k)2+2)(q2+z)

+(niz>(qziz)((q+k;+x)}

When all vertex contributions are added at k™ = 0, diagrams al-2, bl-2, cl1-2, d1-2
result in:

A d3l 1 d3
(@—d)(p ko) = V — —8x2[ A2 6 q
vV (ps k&) % 81 (r\ + 87(2) f (2,“.)3 (12 + 2) / (Q,N)S
1 1
((I.l.l-\?.l.?‘) (nZ_I_Y‘) (2'21)

V(al—2,b1—2,cl—2)(p k) = \2472

-k

_|_

+




d*l (l+p* 1 1

2 1.\ : 4 2 .
Vip', ks) —1“4’“\"3/(2”)3‘/” SRS e I Y B e

V(p2a ka) = Cexp {i/\l-cg/d;z:(p2 + z(1 — :z)kg +MQ)‘1/2}

1
— 26)(1) {ZAk;{/ d;‘[;(p2 - .E(]. _ .L')kg al. A{Z)—l/?}
0

1 —1
{1 + exp[i/\k3/ (z(1 — z)k2 + AIQ)—%]}
0



d’l

1 1
Bos(ks) = [ GV (:k9) ((12 Y 2) (12 T s+ Rl 2)

11
_47TA]C3

_ ! 11: <r)\ t k—?’
= T s an arctan Wi

.

tan < %)\kg/d:c(:c(l — z)k3 _|_A,I2)—1/2}




Figure 6. Full planar “bubble graph”.
o+ {l I xI ¢I R T
Figure 7. Full planar vertex.

WP ks) = V(p? ks)(1+ AT Bog(ks))™

-
AT = A, + (A2 " 8’:;;) o (6t

A
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where

(JoJp) correlator and the dilaton

o) (=) = g 1~ s =+ - |

87l

/\‘3ﬁ il
{ (SﬂM)( 12A12(1"\2)+ )}
N

{ ( = )( 12A12(1-A2)+...)}‘1

SN/ M \1 f2
(Jo(k) Jo(=R)) = 57 (1 — A2)};2 = {.—?

o [ _3NM
D=\ 2r(1 = 22




the effective Lagrangian of the dilaton
In terms of the dilaton field D(z) (where Jo(z) = fpD(z))

1
L= 56;11) ' apD - 9D(¢Jr - @)D

where gp = =2 /(967)/(1 - A?)



Explicit breaking of scale invariance and the pseudo-dilaton

1/ A\
Z(A +m)—1 d

- M
M25 = —A4R(47) +ud

1+ X Bes(k)

. A_lR 1 k2 2

can read off the mass of the pseudo-dilaton

L[ 12M2 \[[ Mg
Myp = ((1 —/\2)) [(8«2\!) ”]




Figure 8. (Jo(k)Jo(k') Jo(—k — ).

X\ N 1 A2 -1 . : ks, k%)*
Vo= - (% + 5% )gam i 1+ Jar K+ G+ k) + o S50 ) |

82 ) 64r M3 12012 e
N 1 .5 .n» 2 (k3, k3)*
Vnassive phase=_16ﬂ_24]u»5(k3+k3 ‘|‘(k3+k:’3) )-I-O( M7

(Jo(k).]o(k’) Jo(—k — k’)) =V(k, K,k — K)Q + AT Bes(k) (1 + X¥Bes(K) (1 + A Bos(—k — k') 7!

_ 9N M 1 " 1 N 1 o M3
2 (1=A2)3 | k2Kk72 © K2(k+ k)2 T K2(k+K')? i (7)

The dilaton self interaction can be now defined in the effective Lagrangian

6
L3D = g3p(OuD - 5,D)D D= _\/NM(I — A2)3



3D field theories with Chern-Simons term for large N in the Weyl gauge

M. M and Jean Zinn-dustin JHEP 1501 (2015) 054

S, ¥, A) = Scs(A) + Sr (v, ¥, A)

We now add to the Chern-Simons action, quantized in the Ag = 0 gauge, a U(N) gauge-

mvariant action for an N-component spinor field ),

| N N
S(j‘s(A):ECSg(A) zg/ ztr[Ag(z)03A1(z) — A1(x)03A2(z)]

with  Sp(v, v, A) = /d3l U(z)(D + Mo)y(z)

Integrating out the gauge field In Z = (2)°; J /dgp JQ'(—P.)pf;Jl'(P_)

gauge field propagator Aab( ) = €q30™ g ¥



S = —(2m)} / d3pd(p) - (ipp + Mo)(p)

:
- ﬁg(%)?' f PPpdp'd3qd®¢ 6F(p+q—p' — ')

x ¥1(p) - Y1 (p')PP

1 - /
- pélbz(Q) -a(q).

The large N action
additional bilocal (in Euclidean time) composite fields {pq(t',t,2)} and {A(t,t', )}
& = —/dt d’z U(t,x) - (@ + Mo)v(t, x)

+ %gN / d*z dt dt'sgn(t’ — t)py (', t, ) pa(t, ', x)

2
- / d*zdtdt’ Y Aa(t,t', @) [Npa(t' t,z) — Ya(t,z) - Ya(t’, z)]

= |



Sy/N = —trlnK
2 / . / / 1 / / /
+ [ d*zdtdt Z Aa(t,t',z)pa(t  t,x) + §gsgn(t —t)p1(t', t,z)pa(t, t', x)

=1

Kog(t,z;t,2") = (ap + 0asMo) 6(t — /)6 (z — &) + Sapla(t,t', )6 (z — o).

Saddle point ;¢ ¢ ) 4 K Yaa(t,2:t,2) =0, a=1,2.

M(0) = gasen(®)pa(t) | d(t) = —2gsen(t)or ()

R(w,p) = iwog+ip+ Mo+ (:\1(w) + S\Q(UJ)) 4+ (il(w) — Xg(w)) o3



T dw’ .
p1(w) = Mo + iw — zg/ . w,pg(wl)
d /
po(w) = My — iw + ig/ " f}wrﬁl(w’)

The four equations can be summarized by the unique pair of equations

P dw’
p2(w) = My — iw + zg/ » w’pl (w!),

- 2(w) d*k
@) = Gy / B+ e (@)

solution

. i M —i .
po(w) = Mp — iw — (2::)3 /d3p - _( ) (pfi)ﬂﬂ) exp[ig© (p3)]

O(w) — 1 d3p 1 ¢ w
Where )= Gy / @—p3) M2+ ) ax o (37)



po(w) =My — M — gy (M) + (M — iw) exp[igO(w)]

We then choose the mass parameter M to be the solution of the gap equation

Mo =M + g (M)

Finally o (w)|? = M2 + w?



The free energy density

1
W = — In(2/Zo)
|
(2m)°
/
- z'gf dw de (M —iw)(M + iw') 91O (w)—6(w)]

w— w

W =

/ d*p In(1 + M?/p?)

y 1 d2p d2p!
(277)6 (pQ + w2 + A[?) (pIQ + w'2 4 A[Q) '



The fermion two-point function for N large
(Wi (@) ()0 = 0,,W3 (& — o)
In the large N limit, the fermion two-pomt function is obtamed by inverting
Kog(t,z;t', ') = (Fap + 6asMo) 8(t — t')0P (z — 2') + bapra(t, ', 2)6P (z — o).

~ ip101 +ipog + (iwog — M) exp [igo3©O(w)]

—3
K = p2 +]WQ
) ) ip— M)

1.
where U(w)=exp [519039(60)]

[®(p) = U (ps) (ip + M) U™ (p3).



Gauge-invariant observables
|
No summation Ra(z) = ﬁwa(ﬂﬂ) + Ya(2)

R(z) = Ry(z) + Ra(z) Ja(z) = i(Ri(z) — Ra(z)).

The equal-time expectation value of p; 1s given by

(Ri(z)) = / s il — (2;)3 / dap;‘g :\1[’3 -

(R) = (Ry + Ra) = 2(p1) = 2MQy(M) + ¢QF(M).

- 91671'2 T 2T

A2 AM(l g) M?( g)



Connected R correlation function at zero momentum

AMPQe(M) A M (1—g/8n)

(RO)RO)e =200 = {50870,y = 2 ~ 7 (1= g/dm)

(R(0)R(0)R(0)). = —% ((11_—;//575)2



The ((1/;11))#)1/3) vertex function
WD (aiy,2) = (U(x) - V()b() - 9(=))e

0+ k/2

¢ —k/2

- 1 1 - o L Ners 1 1 % = 1
WO (et b+Zk)=—-WO(—ZE )T (b —Zk b4+ VWP [ 042k
b=k, 043 5 Sk e+ +

P2 (k6 — k/2,0+ k/2) = —E(k; € — k/2,0+ k/2) — iosF(k; £ — k/2,£ + k/2)

at zero momentum: 9
E(0:¢,¢) = : U-2(es) (1- L33 )
T 1= 2gMQo(M) | 47 €3 + M?
1 .. M
F(0;0,0) = U2 ()2

1 —2gMQo(M) B+ M2



The perturbative expansion of the ((v1))y)) vertex function at two loops

...... and more

V2 (k0 — k/2,0 + k/2) = A(l3, k) + io3B(€3, k)

A=) A", B=) Bug",
n=~0 n=0

define

(1]

=) — 1 d3p
@ = G | G T HE T M= FER T

cos (297=(l3,k)) — (M{3/7)sin (2g7=(l3, k))
cos(gkBi(k)) — 2(M /k) sin(gkBy (k))

tl sin (297‘5(53, k))

7 cos(gkBi(k)) — 2(M/k) sin(gkBi(k))

A(£3a k) —

B(l3,k) =



R two-point function and vertex three-point function

o~

(R(k)R(—=F))e = 21 (M)
1 / 3q [(K* +4M?) A(gs, k) + 4Mq3B(g3, k)]
(a+k/2)° + 02| (g — k/2) + M2]

simplifies to :

(R(K)R(=k))e = 20 (M) — k* + 4M* tan (gkB (k))

kg 1—2M tan(gkBi(k))/k

= — arctan(k/2M)

where
gkB1(k) = i



Mass gap and critical coupling

My =M + g (M) =M.+m

where M 1s the fermion physical mass
A

M,=qg—
47

For g # 4m, the fermion mass, solution of the gap equation, is

m

M = .
1 —g/4m

For the special value m = 0 or My = M.. M = 4i | M|
]y

' VYN 1 k
But s SRRkl godr (47 — g) arctan(k/2M)




Adding a deformation to the Chern-Simons fermion action

e /dga: [—0’(2})1}(:1:) -(z) + %03(37) — NRo(x)

where the new parameters g, and R are fixed when N — oc.

For R # 0, in the classical limit o(z) has a non-vanishing expectation value o,

02 — go'R

o(z) =0 +<(z) So = f d'z [- (0+<(@))b(a) - ¥(a) + () + &«?(w)]

390 Go

Gap equation:

[1 _ (9—90) (1 - i)] M2 4 (1 9 ) [(g—ga)A_QMOI "

2 87 A7 27
g A?
—goR + M2 — L MpA — — 0
Jo + ] 2‘” 0 + g(g gd) 167!'2 ’



Moy= M:+m

A mA 5
M. = (qg— i R=R.— y
=9 ga)47r 21 = 4Trm

where 7 i1s a constant parameter and

A2

Re = (ch = Q)W

The gap equation then reads

[1—(9_—9")(1—i)] AJ2—2(1—4i)mﬁJ+m2(l—n%) —0

2T 8T T

Finally, the gap equation is satisfied for any value of M > 0 if the coefficient of M2

also vanishes, that 1s, for

(g—go) (1 g)_l " ga:_(47f—g)2'

27 87 8T — g




The generic R two-point function

o 2 402 /g2 .
(R(k)R(=k))e = ———+ o~ /90 — (R(k)R(=k))e0

DA 1 o
GUR(R) = 5o = D' (W

2m  2M ( [ _9- ga) N k? 4+ 4M? tan(gkB1(k))
gdo o A7 kg 1—2M tan(gkBi(k))/k

If in addition m = 0, M is undetermined and the two-point function has the form

(G0R) Sty T g




The dilaton effective action

s(z) = fp' D(x)

(S(k) <(=k)) ~ /p J“D:\/E\/l_g/éhT M.

k—)Oﬁ’ 2—g/4ﬂ'

S(D) = %/d:;a: OuD(x)0,D(z)F(D(z)) + O(higher order terms in J,) .



Spontaneously broken scale invariance in boson and fermion theories

The condition we found for the existence of a massive phase
=) (1- 2) -1
27 87

In the boson theory, the existence of a massive ground state requires

using the mapping between the fermion and the boson theories
O. Aharony, S. Giombi, G. Gur-Ari, J. Maldacena and R. Yacoby

2
=1, A6=8n2(1-i) 342
47 47 Jo

We find that the bosonic and the fermionic conditions
are copies of each other



........ and finally an open problem

It would be interesting to explore the implications
for the bulk four dimensional AdS dual description of

the massive phase.

This is an open problem whose solution is not known
at this point. In particular it is unknown whether the
bulk theory is just a modification of Vassiliev’s theory
or whether new fields are required.



A T10
ails



Thanks

The End



