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Consider a quantum gauge field theory

Assume existence of a gauge invariant regularized path
integral measure (no anomalies)

Task: Prove that gauge 1i1nvariance 1s

preserved by renormalization

40+ year old topic. What news can there be !

 simplified treatment for standard effective theories (YM with
higher dimensional operators, gravity)

* inclusion of Abelian group factors

* extension to a very broad class (e.g. theories without
Lorentz invariance)
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But gauge symmetries must be broken by the gauge fixing

Remaining BRST invariance is non-linear:

0p = pw ,but d(p) # (p)(w) =P notasymmetry of I’
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gauge-fixed Local BRST cohomology

action \

Ef}egloop _ SL—loop [QO] 4+ O'\IJL_IOOP [90, w, .. ]

/

gauge-invariant BRST operator ~ 8auge fermion

[L—loop satisfies ST identities

o>
L—1loo
’ o l'3, "=0 must be local !
* FL—loo /

dv T =8p41lpl Fo Y lpw, .. ]
for relativistic YM and GR:
Barnich, Brandt, Henneaux (1994)

’ subtraction and field redefinition
o=@ (pw,...), w—W(pw,...)

(7

g 2 F-lor hag the BRST structure
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Background gauge

quantum fields background fields
(integration variables) (external)
" 2

Gauge-fixing term invariant under simultaneous gauge
transformations of ¢ and ¢

Very efficient at 1 loop:

1—1loo _
b p‘<90>=¢, (w)=0

At 2 loop and higher need (¢) # ¢ to subtract subdivergences
= need to classify the BRST cohomology.

Otherwise non-local divergences at intermediate steps

Still, presence of background gauge transformations greatly
simplifies the task !
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Assumptions

i) linear gauge generators:  0.¢% = (R% " + P% )&

V— —
.

R, (¥)

ii) off-shell closure: |[0.,0,|¢p" = d.p", ¢ = 0‘5756777

iii) local completeness:
63 a a a
soa X a@)=0 g X (p) = RIpYI
iv) irreducibility:
R* (¢p)e® =0 B =0

v) absence of anomalies

dpb

vi)locality of divergences after removal of subdivergences



Examples:
YM: 0.Al = fIRAIER +0,e
GR: 0.9, = € O0rguv + Gun0ue™ + gur0,e”

Also higher-derivative gravity, also non-relativistic (Lifshitz)
theories

Counterexample:

Supergravity (the algebra does not close off-shell)
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> of term at tree level: QU
Lagrange
auxiliary (anti-)fields coupled to o, ow" antighost multiplier

/\ 1l l

Vo = _(Va - ‘Daxg(¢))(¢ _ ¢)a + Caw®™ — §@a0aﬁ(¢)bﬁ
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The proposition: BRST structure of
renormalized generating functional

1 i
Wi = —hilog / 4P exp [ — = (Sron + Ja(ren — 0)" + Eafon + E7Ga + y%a)}

Zren — Sren [SO] + Q\Ijren [907 W, @7 ba ¢7 Y Cv Q]

/

Salge- local
invariant
a q/)a 5\111?611 o 5\Ijren
_ — w —
Pren 57& ren 5CO¢
R A 1
\Ijren — \Ijren [907 W, ¢7 Y, Ca Q] T §w0(¢)b
= o+ O(h)

guarantees that the coupling to the source is linear
at the leading order



A

Often V.., remains linear in the auxiliary fields:

A

Vien = _ﬁ/aUa(gpa ¢) T Cawﬁvﬁa“@? ¢)

Typical for renormalizable theories

NB. U, V' can still be non-linear if ¢, ¢ have zero scaling
dimension.

Example: 4d gravity with the Lagrangian R, R"" + R*
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I think you should be a little
more specific, here in Step 2



Decoupling of background fields

0
ST identities: 0=Q T = (0'+ + Q—)Fdiv

\ /"

nilpotent and anticommute

\
Qfs_X:O 5Y

? N o X =05
X‘Q:O_O )

Y is local and inherits all linear symmetries of X.
Is invariant under BGT



Laiv = Z 28Ty

Truncate in number of derivatives + locality + fermionic
statistics of (7 g 0 <k < K

Y §
—I'g = 'k =02—7T
5o K =0 ’ K 5o K1

5

—TI 'y =0
5¢ K—1toyl g

’ éib(FK 1—0'_|_TK 1) 0

)
’ ' 1=0:T 1+ Q@TK—Z

FO — O-—I-TO + T[g&,w,’?, C]
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FdiV — F[Sﬁa W, /3/7 C] + Q—FT[SOa W, QS? fAya Cv Q]

/
Sl + A

AN :

vanishesif w =0 or v=( =

[" does not depend on ¢
+

[" is invariant under BGT

\

[" is merely gauge invariant !

NB.Applies to any gauge symmetry satisfying (i)-(iv),
including Abelian subgroups
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~ _&aRa ( )
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qu — O )
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Subtraction

Z(L—i—l)—loop _ ZL—loop - hLFL—loop

ren ren div

Laiv = S[gp] T Q—|—T[907 W, ¢7 ﬁ/a Ca Q]

/

renormalizes physical renormalizes the gauge

couplings in the gauge fermion and generates

Invariant action the field redefinition
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Conclusions and Outlook

Background field method is not only a convenient
calculational tool, but is also efficient for general analysis
of the structure of renormalization

BRST structure (gauge invariance) is preserved by
renormalization for non-anomalous theories whose gauge

algebra:

i) has linear generators

ii) closes off-shell can be relaxed (?)
iii) is locally complete

iv) is irreducible can be relaxed

Generalizations: open algebras, supersymmetry, composite
operators, anomalies



"The beauty of this is that it is only of
theoretical importance, and there is no way
it can be of any practical use whatsoever."



