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Passive scalar transport

V is a random velocity field

Kraichnan model: d –correlated in time, Gaussian 
and scale-invariant in space   
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- well studied,  many results.  But far from reality (no energy cascade)
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(toy model for turbulence, anomalous scaling)



Non-Gaussian velocity field

Batchelor limit: (viscous range,               )ν

ijA - stationary  random process;    Lagrangian frame

Balkovsky, Fouxon 1999:   e tα αγθ〈 〉 =

Saturation of             at large  a. αγ

No relation between q and          statistics.ijA

Il’yn, Sirota, Zybin 2017  (submitted to PRE):   

Exact expressions for          in terms of             statistics.αγ ijA
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-stationary random process with known statistics( )ijA t
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(for d -correlated velocity, statistics of            is the same in Euler  and Lagrangian
frames)
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Evolution matrix:     Iwasawa decomposition
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Furstenberg 1963, Tutubalin 1978,…
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Cumulant functions and functionals

tr ( ) ( )( ) i t t dtW te eρ    = ∫ η ρη

( )   ( )ZW i ie e P e d= = ∫k zk kzz zzRandom variable

Random process ( )tρ

( )[ ( )] ( )W t w t dt= ∫η η for slow ( )tη

0

ln 1 T
i

i i
d z dt

T T
ρ= = ∫ ( ) ( / )zW k w k T Tρ= ⋅

 i i itz ρ λ→∞→ =

1 11
1

( )N N N
N

z z Td d eα αµ α µ µαµθ − −− + +〈 〉 ∝ ∝ 



1    0
( )      

0    0
j

j
j

if z
z

if z
µ

>
=

≤



1 1( )N Nz z Teα α µ µθ − + +〈 〉 ∝ 

1  
  

  0
( )   

0    
 

0
j

j
j

if z
z

if z
µ

>
=

≤

Most naïve consideration:
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Right  consideration:
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Relation between A and  r
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Three-dimensional case
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Examples: Gaussian statistics
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Examples: Small deviation from Gauss
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Examples: Small deviation from Gauss 
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Examples: Exponential statistics
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Summary
•We analyze the passive scalar advection in a turbulent flow at
time much bigger than the correlation time of the flow,
and scales much smaller than the viscous scale (viscous range);
diffusivity is assumed to be much smaller than viscosity, linear
approximation for the velocity field is valid (Batchelor regime).
•We obtain exact expressions for the exponents of the
Lagrangian scalar density moments in terms of Lagrangian
velocity strain tensor statistics. (If velocity is assumed to be d -
correlated, the latter coincides with the Eulerian strain tensor
statistics).
•The exponents saturate at the universal value a=2,
independently of the statistics. In the range between a=2 and
a=2 they can differ significantly from those in the Gaussian
case.

αγ
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