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Passive scalar transport

(toy model for turbulence, anomalous scaling)

%+V VO =i AO
ot

V isarandom velocity field

Kraichnan model: \ 0 —correlated in time, Gaussian
and scale-invariant in space

- well studied, many results. But far from reality (no energy cascade)

o [adi—top,  (B)=(B)=(A
D(B,) = D(B) = D(A)t

(B)~(Bs") but (g")=(g"™) !



Non-Gaussian velocity field

aVi .
Batchelor limit: A ~ o (viscous range, » <V )
J

Ajj - stationary random process; Lagrangian frame

“ t
Balkovsky, Fouxon 1999: (0°)=e Va

Saturation of 74 atlarge «.

No relation between 8 and AJ- statistics.

II'yn, Sirota, Zybin 2017 (submitted to PRE):

Exact expressions for 7, interms of Aij statistics.

Universal saturation: Y, =const if g>2



(quasi)-Lagrangian frame: 00 + 00 Aijr' — 2 A@ tr A=0

oo or '

|
Aij (t) -stationary random process with known statistics

(for & -correlated velocity, statistics of A;(t) is the same in Euler and Lagrangian

frames)
Fourier

o(r,t) o(k,t)
V:er | lk=pQ
Q(F',t) Fourier N 6’( p,t)

0 T
Q=-0A, Ee(p’t):_% P (QQ )mn p, O

Q(0)=1 —» pn [(QQT)  (t)dtp,
o(p,t)=0(p,0) e j( )”‘”

o(t) = O(r =0,1) =j9(p,t) d®p



—5 pm |(QQT | (t")dtpy
o(p,t)=06(p,0) e flo2").

12 p?

solated blob: ~ 6(p,0)=e
6(t) = [6(p.t) d*p = [ PnPmPrg?p = (detD) 2
where D,,, =>[(QQ") (t)dt'+1%5,,
(6”) =((detD)*"*)

Homogenous initial condition:

(6(p,0)0(p",0)) =P 5(p-p’)
(6°) = ((detD)*'*)



Evolution matrix: |lwasawa decomposition

0=ZdR Z,=0 ifi>j, Z,=1
d =diag(d,,...,dy) , d; >0, d;...dy =
R e SO(3)

Q:_QA1 Q(O):l
Furstenberg 1963, Tutubalin 1978,...

3 Z,=limZ Z,, depends on the realization
t—> o0
. Ind. (t A -
3 A =lim (t) | <A << A i are universal
too for given process
Dy, =2[(QQ") (X)dt'+175,, =5 [(Zd*Z" )(t)dt'+1°1 (R vanishes!)
t—>o 1 detD=(5d>+C(7%5x))ecd, ..., 1 if d, 1

#iT 0 it d, <1

(0% = ((detD) *'?) o <d1‘“”1 I >



Cumulant functions and functionals

W, (k i k ik
Randomvariable Z —— € ():<e| Z>:jp(z)e' ‘0z

Random process p(t) ——

eWp[n(t)] _ <eijt”1(t)p(t)dt >

W[n(t)]= j w(g(t))dt for slow n(t)

Ind, _ =$jpidt —_— W, (K)=w, (k/T)-T

Zi > ></0i>:ﬂ’|

(0" o <d1‘““1 dy > o <e‘“(“121 Foet 2T >

1ifz;>0
4= 0 it 4 <0



T

. —a(w 2, 4+ 2, )T _1ifz;>0 1 o\
e B O e e e (IR
0

Most naive consideration: Z, = A, A <A, <0< A< Ay

—a(Ag +- +ﬂ’N )T (valid only for very small x)

(%) ~e
Less naive consideration: sign z; = sign /4,

Mo [n(0)] _ <eijtrq(t)p(t)dt>
(0% <e—a(ZK +ot 2T > _ (0 it ia)T

(valid only for ¢ small enough)

Right consideration:

Wp(k) saddle point N P(Z) saddle point N <6;a> oce%fT |

* * * N .8W
yazmk§X¢(k ), ¢=-ikiz,+w (K)-ad u(2)z,, z,=-I akp
=1 j

L, —> ﬂ», but for some realizations Z;(T) <0 evenif ﬂ/, >0

k*

The bigger «x, the more is their contribution to {6“) .



(90‘ T i (2)= 1 |_f zj>0
< >Oce J 0 if ;<0

* I * N _aW
Vo =Maxg(k), ¢ =-ikjz;+w,(k )_agﬂj(z) 2, 7 =i
1= *

oK.

)k

Inside the regions of constant u; :

o¢ ..
oK =0 kj = lai; (=‘less naive consideration’)
J
oW x .
On the boundary z,=0: 2l =0, j=#n: k. =iau
oK, |- A

In both cases,

< 9a> _ " (T



Relation between A and p

II'yn, Sirota, Zybin 2016:

Q=-0A —_— ~A=Q7'Q= RTd_lz_li(ZdR)

Convenient variable: X = RQ_1QRT =d?*d+d*Z'Zd + RR"

~——

diagonal
Then X = _RAR' X ==d,d, = p,
Wy (k) — WA(iko'k) - Wy (iko) 51N
(ko)ij: J 2 5ij

w, (kg ..., kN):WX(k)k _{ki, =]




Three-dimensional case
E=i(k, —ky), m=i(k, —ky), w=i(k +k;,+k;)

Incompressibility — 6Wp/8l)” =0, W,=W, (§’77)

oW, ow ow ow oW
Z, = Py ,0’ Z,=— P, Z,=— P Zj:_l akf
0F  on PE on j
Inside the regions of constant ; : 1 if z.>0
. * * @)=
kj =lay; , & =alu,—w), n =alu;—u) J 0 if Zi <0
On the boundary z, =0 : awfj =0 , 77* = 0{(,113 — 1)
0s

Wp(fiﬂ) = WA(1_§’2_77)_WA(11 2)



Examples: Gaussian statistics

1 2
WE = D(g(kl‘*‘kz+k3)2_(k12+k22+k32)j:§D(§2+772_§77)

w, (S, 7)) =w,(1-8,2-1)-w,(12) w,(0,0) =w_(0,0)=0
minw,: =1 n=2
Z2,>0 Z, >0
51 - Vo =MaxXg(s, 1)
/:Uz =1 Vicinity of the boundary:
\ H, =0 z,>0 =0, =1
¢\ ‘f*:aﬂzl
N =a
a=0 :
| | a =2 -saturation
0 1 2 3



Examples: Small deviation from Gauss
W, =D&+~ )2 F (& ) S FEn(E ), F >0

W, (&n)=w,(1-&,2-n)-w,(12)

(b) F>0
] Z,>0 Z,>0
21 a=2
/
nl u-=1
1
=0
M, 250
0
a=0 \

w,(0,0)=w,(0,0) =0
minw,: =1 n=2

Vicinity of the boundary:

=0, =1 & =au,

n =a
1 2
7.=-2D+-D(@-2)

3 (FY . .
—ﬁD(Bj (@ -2)*+O((F/D)*)

a=2 -saturation
is universal!



Examples: Small deviation from Gauss
W, =D+ - )2 F (& ) T FEn(E ), F <0

W, (&n)=w,(1-&,2-n)-w,(12)

(a) F<0

w,(0,0)=w,(0,0) =0
minw,: =1 n=2

Vicinity of the boundary:

w=0, =1 & =qu,
n =a

v :—2D+%D(a—2)2

3 (FY . .
—ﬁD(Bj (@ -2)*+O((F/D)*)

a =2 -saturation
is universal!



Vo =9

F(ALA,A)= fe RN 5(A LA +A)

Examples: Exponential statistics

W, = —%In(SC2 —4(52 +n° —§n))+%ln(3c2)

W, (¢, 1) =W,(1-¢,2-7)-w,(1,2)

dal2,a)=

1
902 ==

—In ,
2 ¢ —(ax-2)°

1

¢’ -4

1,0

'7/05 +

0,5+

0,0




Summary

*\We analyze the passive scalar advection in a turbulent flow at
time much bigger than the correlation time of the flow,
and scales much smaller than the viscous scale (viscous range);
diffusivity is assumed to be much smaller than viscosity, linear
approximation for the velocity field is valid (Batchelor regime).
*We obtain exact expressions for the exponents y, of the
Lagrangian scalar density moments in terms of Lagrangian
velocity strain tensor statistics. (If velocity is assumed to be 0o -
correlated, the latter coincides with the Eulerian strain tensor
statistics).

°The exponents saturate at the universal value =2,
independently of the statistics. In the range between a=2 and
=2 they can differ significantly from those in the Gaussian

case.
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