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Introduction

[Gubser et al., Witten]

CFTq4 correlation AdSq4.1 scattering

functions processes

tree level
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Today: Spinning external (& internal) legs!

Motivations:

® Holographic reconstruction

e (Conformal Bootstrap



Outline

Conformal Partial Wave Expansion
(CPWE) of Spinning Witten Diagrams

® Spinning 3pt

® Spinning 4pt exchange diagrams



Decompose

Totally symmetric external fields ¥s; and internal field ¥s

Field - Operator map:

single-trace operators bulk fields (single-particles)
OA,S G Ls .
Scaling dim. \spin spin

mass: m?R* = A (A —d) —s



General Approach

CFT side.



General Approach
Review: CPWE of 4pt CFT correlators

A and s = scaling dim. and spin of O

(O1 (1) O2 (y2) O3 (y3) O4 (ya)) = D €00,0,€0050,Wa,s (Y1, Y2 Y3, ys)
{A,s}

® Operator Product Expansion (OPE) coefficients

01 X 02 ~ C@@1@20 + ... and (93 X 04 ~ C@@3(94O + ...

® Conformal Partial Waves (CPWs) W ; :

— Re-sums contributions from @ and all descendants 0...00

— For external scalars: Explicit expressions in terms of elementary functions
only possible in even d

— For spinning external operators: Comparably little known



General Approach

Shadow Formalism [Ferrara et al.] O(y) =+ / dy’ [( I )%QAO@’)
y—y
Primary operator Shadow operator
@, — @,
A, s d— A, s

e dimensionless

. _ _ d 2
Projector: Pa s = /i/d y O (y)10)(0]O (y) { e conformally invariant

Projects onto multiplet of © and O

= (01 (Y1) O2 (y2) Pa,sO3 (y3) O4 (Y1) = co0,0,c00;0.Wa.s (Y1, Y2;Y3,y4) + shadow

'

K / dy (01 (y1) O2 (y2) O (y)){O (y) Os (y3) Oa (ya))  factorisation into 3pt correlators!



General Approach

Shadow Formalism [Ferrara et al.] O(y) =+ / dy’ [( I _)f] ) 0W)
y—y
Primary operator Shadow operator
@, — @,
3pt conformal
A, s d—A,s structure
Leads to integral expression for CPWs: [notation: (010,0) = coo,0,{(010:0)) ]

Was + Wi ns = / 20y ({01020 ()N {(O () O304))

Useful because:

® Universal: Holds for any d, any O and any external primary operators O;

® In terms of 3pt conformal structures

® Naturally arise from harmonic function decomposition of Witten diagrams



General Approach

u . . 2 _ d, / I(y_y/) /
Shadow Formalism for Spinning CPWs 0w =x [ iy - =0

Wgrt(;n T WC?E’Z,S — / ddy <<0A1,810A2,520 (y)>>(m) <<@ (y) OA3,83 0A4,84>>(n)

[notation: (0,0,0) = co, 0, ((010:0)) |

Basis of 3pt spinning conformal structures: = A, s
Yil_n2_n3Y§2_n1_n3Y§3_n1_n2 H?l HSQ HgS
<<OA1731 (yl) 0A2782 (yQ) 0A3733 (y3)>>(n) — 2 T1+72—7T3 2 T1+73—T2 2 TQ+T3—T1
(912) : (?/13) ’ (3/23) ’
n = (ny,ns,n3g) 0 <ni <min{sy —n3,s3 —n2} 0<ny <min{s; —ns3,s3} 0<n3zg<min{sy,s2}
Six conformally covariant building blocks:
(Yi)u _ (yz — yz’+1)g B (yz — yi+2)g (Hz')W _ 1 : <5W n 2(,%'+1 — yi—|—2),u (Yit1 2—,%'+2),,>
(Yi — Yi+1) (Yi — Yir2)” (Yi+1 — Yit2) (Yit1 — Yit2)

i=1,2,3 i ~2i+3



General Approach

Projecting out the shadow o) =n [aty—=1) o)

Spectral representation

>C dv 1 [ dv
W. 73:/ Wa iz/s:_/ {W— ius+W——iys]
f T 5

/ddy<<OA1,810A2,S2O%—|—iy,s (y)>><<é%+iy,s (y) 0A3,83 OA4,S4>>

N,

: : d
pole in spectral function at: 5+ iv=A

Gives rise to useful representation of CPWE:
<01020304> — Z/ dv Cs (V) W%—H’l/,s

Contribution from some primary operator O

CO0,0,C00;0
1 - =z

2



Bulk side.



General Approach

Harmonic function decomposition of Witten diagrams

DQA,S (xla CU2) X QA,S (xla x2) 9 V- QA,S — 07 (g | QA,S) =0

divergenceless traceless

Furnish complete basis of bi-tensors in AdS

% Q
exchange _ E / dv .
or contact R

Factorisation of harmonic functions:

related to projector in
shadow formalism

«—>  Pas= /ddy Ona,s () 10)(0|On s ()




General Approach

Harmonic function decomposition of Witten diagrams

DQA,S (5617 552) X QA,S (xla 56’2) 9 V- QA,S — 07 (g | QA,S) =0

divergenceless traceless

Furnish complete basis of bi-tensors in AdS
o0
exchange . E dv
or contact D

/ Factorise into 3pt
Witten diagrams!

related to projector in
shadow formalism

«—>  Pas= /ddy Ona,s () 10)(0|On s ()




General Approach

Harmonic function decomposition of Witten diagrams

DQA,S (5617 552) X QA,S (xla x2) 9 V- QA,S — 07 (g | QA,S) =0

divergenceless traceless

Furnish complete basis of bi-tensors in AdS

exchange

or contact

Evaluate 3pt Witten diagrams:

= CJ (V)/ddy <<0A1,810A2,820%—|—i1/,J (y)>><<@%+il/,=] (y) 0A3>S30A4’84>>

v

W% +iv,J + W% —v,J




General Approach

Harmonic function decomposition of Witten diagrams

DQA,S (5617 562) X QA,S (xla 5132) 9 V- QA,S — 07 (g | QA,S) =0

divergenceless traceless
Furnish complete basis of bi-tensors in AdS
©.@)
exchange _
or contact T 2 :/ dv ¢y (V> W% +iv,J
J — OO

Evaluate 3pt Witten diagrams:

= CJ (V)/ddy <<0A1,810A2,820%—|—i1/,J (y)>><<@%+il/,=] (y) 0A3>S3OA4’34>>

v

W% +iv,J + W% —v,J




Outline

® (General approach

® Spinning 3pt

® Spinning 4pt exchange diagrams



Spinning 3pt Diagrams

Want to evaluate:
Basis of bulk cubic couplings

1} — SyTELJQanS 1}”@4712fn3
$1,52,583 $1,52,83 51,852,583
ng

0<n; <min{sy —ns3,s3 —n2} 0<ny <min{s; —nsz,s3} 0<nzg<min{sy, s}

. . Ps; ofmass m?R* = A; (A; —d) — s
with basis elements:

Ynsn2,ns :g/i(n:%)'/(ns)g'/(nl)U(nl)gU(M)u(m)V’f(gs)

51,582,583

Pu(nz+ns)p(s1)

X vp(gl)wv(n:s +nq )CI(§2)VQ(§2) Po(ni+n2)k(5s3)

Notation
' 8; = 8; — (Ni—1 +Nig1) Pu(s) = Pui...ps ghmv(n) — guave - ghntn AN v/ Vi J




Spinning 3pt Diagrams

Want to evaluate:
Basis of bulk cubic couplings

1} — SngLﬂ%Q;nS 1}”@4712fn3
$1,52,583 $1,52,83 51,852,583
ng

0<n; <min{sy —ns3,s3 —n2} 0<ny <min{s; —nsz,s3} 0<nzg<min{sy, s}

_ _ Ps; ofmass miR? = A; (A; —d) — s
with basis elements: (6 basic contractions)

yronzng — gu(ns)v(ng) gr(na)o (i golne)p(n:) gk(ss)

51,852,583

Pr(na+ns)p(s1)

X vp(§1)¢y(n1 +n3)Q(§2)VQ(§2)900(n1 +12)k(53)

Notation
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Spinning 3pt Diagrams

Want to evaluate:
Basis of bulk cubic couplings

1} — SngLﬂ%Q;nS 1}”@4712fn3
$1,52,583 $1,52,83 51,852,583
ng

0<n; <min{sy —ns3,s3 —n2} 0<ny <min{s; —nsz,s3} 0<nzg<min{sy, s}

_ _ Ps; ofmass miR? = A; (A; —d) — s
with basis elements: (6 basic contractions)

Ynine,ng g,u(ng)l/(ng)gl/(nl)(f(nl)ga(nz)u(nz)vk(§3)

51,582,583

Pu(nz+ns)p(s1)

X VP o tms)a(50) VI 0o (mytma)k(ss)

Notation
' S; = 8; — (ni_l -+ ni_|_1> Pu(s) = Pui...us g“(n)y(n) = gt gtntr VH() — gHL | Yhn J




Spinning 3pt Diagrams

Integral over AdS

Trick: Reduce integral over AdS to its scalar seed

Y1

Yo Y3

Well known how to compute
[MUck et al.; Freedman et al. 98]




Spinning 3pt Diagrams

Integral over AdS

Result:

Z 077%11 %2”;,’13 OAl,sl (y1) 0A2,52 (yz) OA3783 (y3)>>(m)

Recall: Basis of 3pt spinning conformal structures Ti = A — 8

YS1 M2 —N3\/82 =M1 —N3\/S3 N1 N2 N1 LNa 14N3
<<0A1731 (yl) OA2,32 (y2) OA3,33 (y3>>>(n) — : 2 T1+7'2227'3 2 T1+37'237'2 2 17'24’7'237'13
(?/12) (ym) (92%)




Outline

e (General approach

® Spinning 3pt

® Spinning 4pt exchange diagrams



Spinning Exchange Diagrams

Goal:

Decompose



Spinning Exchange Diagrams

First step: Harmonic function decomposition

Bulk-to-bulk propagator II.
Ps (ZB) — / A’ 11 (.CE,ZB/) - Jg (37/) : (Dl — mg + ...
AdS

Express in basis of harmonic functions ©, ; :

©.@)

HS (2131,£E2) = Z/ deJ (I/)

J=0Y —°

[Bekaert, Erdmenger, Ponomarev, C.S. "14]



Spinning Exchange Diagrams

First step: Harmonic function decomposition

Bulk-to-bulk propagator 11, m R =A(A-d)—s
s (1) = / Ay T, (x, 2') - Js (2) , (O — m?2 + o) I (1, 2) = —6% (21, 29)
AdS

Express in basis of harmonic functions ©, ; :

[Bekaert, Erdmenger, Ponomarev, C.S. "14]



Spinning Exchange Diagrams

First step: Harmonic function decomposition

Second step: Evaluate the 3pt Witten diagrams
Y1

— Z C?nll,%;?gzg <<OA1,81 (yl) OA2>S2 (yQ) OAS,S?, (y3)>>(m)



Spinning Exchange Diagrams

First step: Harmonic function decomposition

/ddy<<0A1,810A2,820%+il/,J (y)>>(m)<<@%—|—zy,J <y) OA3,830A4,84>>(H)

Second step: Evaluate the 3pt Witten diagrams
Y1

Z Cran2ns ((On, s (Y1) Ong.ss (¥2) Ong,sy (y3))) ™

Y2 Y3

To determine the CPWE, recall:

Wthsn + Wﬁ’ﬁ,s = K / ddy <<0A1,310A2,320 (y)>>(m) <<@ (y) 0A3,33 0A4,84>>(n)



Spinning Exchange Diagrams

Final step: Conformal Partial Wave Expansion

Second step: Evaluate the 3pt Witten diagrams
Y1

= 2
y2 Y3

To determine the CPWE, recall:

Wthsn + Wfi’ﬁ,s = K / ddy <<0A1,310A2,320 (y)>>(m) <<@ (y) 0A3,33 0A4,84>>(n)

C?nll 7;%2”%3 OAl’Sl <y1) OA2>S2 (yQ) OA3,83 (y3)>>(m)



Spinning Exchange Diagrams

Two types of contributions:

1. Single trace operator Oa s dual to exchanged single-particle state ¥s

non-coincident N Cr510102 C?)Og Oy
bulk points

4 (8- 4)°

Scaling dimensions:
arise from

contact terms
in the exchange

Ay + Ay —(s1+s2)+J+2n Az +As—(s3+s4)+J+2n

n=20,1,2,3..



Summary

o New tools to evaluate 3pt and 4pt Spinning Witten diagrams

Spells out the map between OPE coeffs. and bulk couplings
of totally symmetric fields

° Given any CFTy, this provides holographic reconstruction of
cubic and quartic interactions of totally symmetric fields on AdSq.+

Some concrete applications so far:

Computation of all 3pt diagrams and 4pt exchange diagrams
in type A minimal higher-spin gauge theory on AdSq.

Holographic reconstruction of cubic and quartic interactions
in type A higher-spin gauge theory

1603.0022, 1702.08619 [hep-th]



