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ACTION AND EQUATIONS

Models with scalar fields are very useful to describe the observable

evolution of the Universe as the dynamics of the spatially flat

Friedmann—Lemaitre-Robertson-Walker (FLRW) background with
ds® = — dt* + a°(t) (dx} + dxg + dx3) .

Let us consider

S= / d*xv/—g [U(@)R - %g“”so,uso,u = V()| (1)

where U(p) and V() are differentiable functions of the scalar field ¢.
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In the spatially flat FLRW metric the equations are

L1
6UH? + 6UH — §¢2— V=0, (2)
. 1
2U [2H + 3H?| 42U [¢ + 2HE] = V — [2U” + 2} 2 (3)
G+ 3Hp — 6U' [H+2H2] +V/ =0, (4)

where a “dot” means a derivative with respect to the cosmic time t and
a "prime” means a derivative with respect to the scalar field .

The function H = a/a is the Hubble parameter.

If a solution of Egs. (2)—(4) has such a point t, that

H(ts) =0,  H(ty) >0,

then it is a bounce solution.
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BOUNCE SOLUTIONS

Let us find conditions that are necessary for the existence of a bounce

solution.
Using Eq. (2), we get that from H(tp) = 0 it follows V/(p(ts)) < 0.
Subtracting equation (2) from equation (3), we obtain

4UH = — ¢? — 20 + 2HU. (5)

Therefore, if U = const > 0 a bounce solution does not exist.
At the bounce point we get

2(U—|—3U’2) H(ts) = U'V' + 20" +1] V. (6)
Functions U and V and their derivatives are taken at the point ¢(tp).

The condition H(tb) > 0 gives the restriction on functions U and V at
the bounce point.
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Equations (2)—(4) can be transformed into the following system of the
first order equations which is useful for numerical calculations and
analysis of stability:

o =1,
, 6U" + 1)y — 4V] U + 20V
¢:—3Hw—[( 1Y 5 JU+ ,
23U+ V) (7)
2UHY U +1]¢? 6UPH? uv’

= - - + :
3U7+U 4(3UP+U) 3U°+U 2(3U%+U)

If Eq. (2) is satisfied in the initial moment of time, then from system (7)
it follows that Eq. (2) is satisfied at any moment of time.
An effective gravitation constant in the model considered is

1
T 16wU”

The dynamics of the FLRW Universe can be prolonged smoothly into the
region of Ger < 0, however, any anisotropic or inhomogeneous
corrections are expected to diverge while Ggg tends to infinity.

We analyze such bounce solutions that U(y(t)) > 0 for any t > t, and
conditions of their existence.

Gerr
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MINIMAL AND NON-MINIMAL COUPLING

If U = const the coupling is minimal.

It is the Einstein frame.

Let us introduce new variables to get equations that look similar in both
in the Einstein frame and in the Jordan frame.!

The effective potential is

Verr () = 4K‘2/l(1820)2 (8)

If the constant K = 87 G, then V.4 coincides with the potential of the
corresponding model in the Einstein frame.
For our purposes any positive value of K is suitable.

1 M.A. Skugoreva, A.V. Toporensky, S.Yu. Vernov, Phys. Rev. D 90 (2014) 064044
(arXiv:1404.6226)
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We also introduce the functions

H Uy U+3u”
P=——+ ., A=—_""" 9
NOREDNG g )
and get equations:
3P? = AQ? + 2K?Vepr. (10)
P=—AVUg (11)

If U(p) > 0, then A(p) > 0 as well.

The Hubble parameter is a monotonically decreasing function in models
with a standard scalar field minimally coupled to gravity.

For a model with an arbitrary positive U(i) the function P(¢) has the
same property.
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DE SITTER SOLUTIONS

From Egs. (10) and (11) it is easy to get the following system:

, : A, KAV
p=v, b= -3PVUY - ot - =t (12)
The de Sitter solutions corresponds to ¥ = 0, and hence,
Vi (pas) = 0.
The corresponding Hubble parameter is
V'(¢as)
Has = Pas\/ U(pds) = TR (13)

12U' gOds)
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We analyze the stability of de Sitter solutions with Hys > 0 and

U(@as) > 0 only.
For arbitrary differentiable functions V and U > 0, the model has a
stable de Sitter solution with Hys > 0 only if

Vi (pas) > 0, Verr(pds) > 0.

The de Sitter point is a stable node (the scalar field decreases
monotonically) at

3(U+3V7) vy

Z o 14
8U2 Verr (14)
and a stable focus (the scalar field oscillations exist) at

3(U+3U?) v

N 7 et (15)

8U? Ve
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INDUCED GRAVITY MODEL

Let us consider an induced gravity models with

u) = 56,
where & > 0 is the non-minimal coupling constant.

In A.Yu. Kamenshchik, A. Tronconi, G. Venturi, and S.Yu. Vernov,
Phys. Rev. D 87 (2013) 063503 (arXiv:1211.6272)

it has been found that the model with the following sixth degree

polynomial potential:

(16€ + 3)(6€ + 1)¢ 2(6€ + 1)(20€ + 3)¢

_ 2,6 2 4
e

where C; are constants, has exact solution with a non-monotonic Hubble
parameter.
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EXACT BOUNCE SOLUTION

In E.O. Pozdeeva and S.Yu. Vernov, AIP Conf. Proc. 1606 (2014) 48-58

(arXiv:1401.7550)
exact bounce solution has been found.
The analytic form of this solution is

_ (8§ +1)Co
V(86 +1)Goewlt=t) + (46 + 1),

(1)

where w = 4£Cy/(4€ + 1), to is an arbitrary integration constant.
H(t) = Co+ Gio(t) + G’ (t).

After the bounce point H(t) is a monotonically increasing function.
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Figure: The functions H(t) and ¢(t) that correspond to the exact bounce
solution. The values of parameter are £ =1, G, =7/2, GG = -3, (;, =5/8.
Initial conditions is defined by ¢o = 0.5, o = 1/36 ~ 0.0278 (to = 2In(8/9)).

This solution tends to unstable de Sitter solution.
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Numerical solutions that are close to the exact solution are not suitable
to describe the Universe evolution.
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Figure: The functions H(t) and ¢(t) that correspond to a bounce solution.
The values of parameter are £ =1, G, =7/2, G = —3, (o = 5/8. Initial
conditions is defined by ¢o = 0.49, ¥ = 0.071
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THE INTEGRABLE COSMOLOGICAL MODEL

o In the spatially flat FLRW metric R = 6(H + 2H?).
e From (2)—(4) we get
2R (U+3U%) +(6U" +1)¢* =4V +6V'U.  (16)

@ From the structure of Eq. (16) it is easy to see that the simplest way
to get a constant R is to choose such U(y) that

U+ 307 = Uy, 6U" +1=0, UsR =2V +3V'U".

@ The solution to the first two equations is
2

Uelp) = Uo — £ (17)

14/37



For U = U, Eq. (16) can be simplified:
200R =4V () — V' (9). (18)

and has the following solution:

A
Vint = R + C4<P4, A=

)

R 1
— K=—-.
4 2Up

where (4 is an integration constant.

Thus, requiring that the Ricci scalar is a constant one can define both
functions U(¢) = U. and V(p) = Vip:. To get a positive Ger for some
values of ¢ we choose Uy > 0.
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@ Using the explicit form of functions U, and Vj,; we get that
the condition H, > 0 is equivalent to A > 0,
hence, from V/(pp) < 0 it follows C4 < 0.
This integrable cosmological model has been considered in?, where
the behavior of bounce solutions has been studied in detail.

@ Considering the equation
R =6(H + 2H?) = 4A,

such as a differential equation for the Hubble parameter, we obtain
two possible real solutions in dependence of the initial conditions:

A 2VN(t — to) A 2VN(t — to)
Hy = \/;tanh (\/§> s H, = \/;COth <\/§> s

where ty is an integration constant. For convenience we locate the
bounce at t = 0, so hereafter t; = 0.

2B. Boisseau, H. Giacomini, D. Polarski, and A.A. Starobinsky, J. Cosmol.
Astropart. Phys. 1507 (2015) 002 (arXiv:1504.07927)
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Figure: The effective potential (left picture), phase trajectories (middle picture)
and the Hubble parameter H(t) (right picture) for V = Gio* + G and

U = Uy — ¢®/12. The parameters are Uy = 1/40, C4 = —3, Co = 0.15. The
initial values are ¢; = 0.53, and v; = —0.4164479079 (gold line), ¢»; = —0.31
(black line), 9; = —0.27 (green line), ¢; = —0.15 (blue line). The black dash
curve corresponds to H = 0. The blue point lines correspond to U = 0. The
red dash curve corresponds to P = 0.

The red dash curve, defined by the equation P = 0, is the boundary of
unreachable domain. Any point inside this curve corresponds to a
non-real value of the Hubble parameter.

Such domain exists at any model with action (1) that has a bounce
solution, because V() < 0.

Solutions can touch the boundary of unreachable domain.
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GENERALIZATION OF INTEGRABLE MODEL

There are two way of modification: modify U or modify V.

@ Let us modify V' and consider the model with

Uelp) = 5 — 15 (20)

and
V. = Go* + Ge* + G. (21)
@ Such as we consider only gravity regime (G > 0) U. > 0,
we use the restriction 7 < 6/K.

36(C4904 + C2<,02 + G)
(Ky? —6)?

The even potential Vg has an extremum at ¢ = 0 and at points

Verr = (22)

—2(3G, + KGy)

. 2
12C, + KG ( 3)

Oom =%
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Generalization of bouncing potential

@ The model with V. = G¢* + Gw? + G has a bounce solution only
if

Cph + G2+ G <0, Gys +2C >0, G +2Cp3 < 0.
@ We specify the case (4 < 0. Supposing that ¢, are real we get
0> Co+202Cy > Co + 1—K264.
@ So, the model with a bounce solution has real ¢, only at

3G+ KG >0 and KG +12G < 0. (24)
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@ Using conditions to the model constants, we get

GK

K L ¢

Ve/;f(o) =3 2 2 > 07

(o) — — BCK +12G)YGK +3G)
o \Pm (CoK2 + 6CoK + 36Cy)3

@ Thus, the effective potential has a minimum at ¢ = 0 and maxima
at v = Ym.

< 0.
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Figure: The effective potential Vg at different values of parameters. In the
picture we choose K = 1/4. The values of parameters are GG = -1, G =7
(left picture). The parameter Co = —10 (black curve), —5 (red curve), 0 (blue
curve), 5 (green curve), and 10 (cyan curve).

2
0<om<ef <@p<y/Lg, ¢f = é( (%) _48_8)
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Analysis of numeric solutions

For U = U, and an arbitrary potential, system (7) has the following form:

o =1,

, 1 oy 2
¢:—3H¢—6(6—K¢)V+§K<pv, (25)
: K

H= —€[2¢2H2+(4Hw+ V') o +2¢7].

We integrate this system with V = V, numerically.
We consider a positive ¢ such that o7 < ¢ < 1/6/K. The evolution
of the scalar field starts at the bounce point with a negative velocity,

defined by relation
b= —/ —2V(ps).

The field ¢ can come to zero passing the maximum of the potential. So,
we keep in mind that the following subsequence of inequalities:

6
0 <pm <@l <p<y/oe
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Three possible evolutions

In the case Cy > 0 there are three possible evolutions of the bounce
solutions.

Figure: A phase trajectories for the models with U. and V.. The values of
constants are K =1/4, GG = —4, C; =1, and Gy = 0. The initial conditions
are p; = 2.7, ¥; = —20.26259608 (blue line), p; = 3.7, ¥; = —38.36598493
(cyan line), and ¢; = 4.8, ©); = —64.81244325 (green line). The black curves
are the lines of the points that correspond to H = 0. The unreachable domain,

defined by P < 0, is in red. The blue point lines are U'= 0.
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For Cy > 0 there exists the stable de Sitter solution ¢4s = 0 and
Hys = 1/%. It is a stable node at KCy — 24(C, > 0 and a stable focus

in the opposite case (oK —24(C, < 0.
The example of a stable node at ¢ = 0.
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Figure: The field ¢ (blue line) and the Hubble parameter (red line) as functions
of the cosmic time are presented in the right picture. The values of parameters
are K =1, GG =—-2.7, =1 and Gy = 25. The initial conditions of the
bounce solution are ¢; = 2.445, 1); = —11.44650941, and H; = 0.
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The example of a stable focus at ¢ = 0.

b
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Figure: The values of constants are K =1/4, G4 = —4, G =7, Go=0. The
initial conditions are ; = 3.4 and ¢; = —30.12023904. A zoom of the central
part of phase plane is presented in the middle picture. The Hubble parameter
(red) and the scalar field (blue) of functions of cosmic time are presented in the
right picture.
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We have presented solutions for models with positive value of .
Let us consider now the phase trajectory at C; = —0.1.
We see that trajectories are similar at the beginning only. The scalar field

tends to infinity and the system comes to antigravity domain with
U. <0.

x .

Figure: A phase trajectory for the models with U. and V. is presented in the
left picture. The values of constants are K =1/4, G = —4, &G =17,

Co = —0.1. The initial conditions are ¢; = 3.4 and v; = —30.12355889. A
zoom of the central part of phase plane is presented in the middle picture. The
Hubble parameter (red) and the scalar field (blue) of functions of cosmic time
are presented in the right picture.
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The difference between the solutions of system (25) with a positive and a
negative Cp is demonstrated. The cyan curves correspond to ¢y = 10,
whereas the red curves correspond to Gy = —10.

We see that the phase trajectories and the Hubble parameter are similar
in the beginning, but stand essentially different in the future.

e 15
m -
“>\ ///\ ) 05
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Figure: The phase trajectories (right picture) and the corresponding Hubble
parameters (left picture) are presented. The values of parameters are K = 1/4,
Cy = —4, G, = 90. The initial conditions of bounce solution are ; = 4.88,

i = —15.17936692 (cyan curve) and v; = —16.44424459 (red curve).
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We see that the behavior of solutions essentially depends on the sign of
Co. Let us understand the reason of this dependence.

Let us consider the domain |¢| < \/6/K.

From (28) it follows that

2 20V

> 2OV kv, 26
4 U+ 3072 (26)

If V>0 forall —p, < ¢ < ¢, then this condition is always satisfied
and ¢ tends to a minimum of V.

For suitable initial ¢ the evolution is finished at ¢ = 0.

If P > 0 in the moment when potential stands positive and the function
 tends to zero, then P > 0 at any moment in future.
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If the constants C; are such that the potential change the sign and

V(0) < 0 then the evolution is different.

The Hubble parameter becomes negative and positive again, so, there are
two bounce points. After that the Hubble parameter tends to infinity.

If Co < 0, then there is a restricted domain in the neighborhood of (0, 0)
point on phase plane such that the values of the scalar field ¢ and its
derivative correspond to non-real value of the Hubble parameter.

The boundary of this domain is defines by equation P = 0.

We see that the phase trajectory rotates around this domain.

The trajectory can not cross the boundary, but can touch it.
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Let us show that all such trajectories touch the boundary at some finite
moment of time. Let for some moments of time t; and t, > t; we have
o(t2) = o(ty), then, using U 4 3U"% = 5 and formula (11), we get

ty

ta

U+3U? , / 1 .
Pty - Pt = — [ Y3 e [ Y g <o
(t2) = P(n) /4UW¢ SKUVT"

t t1

where C is a negative number. Therefore, this integral has a finite
negative value.

For any circle value of P decreases on some positive value, which doesn’t
tend to zero during evolution, when number of circles increase.

We come to conclusion that only a finite number of circles is necessary to
get the value P = 0.

At this point P < 0 as well, so the function P changes the sign. When

P =0 two possible values of the Hubble parameters: H; and H_
coincide. At this moment the value of the Hubble parameter changes
from Hy to H_.

The similar result has been obtained in

I.Ya. Aref'eva, N.V. Bulatov, R.V. Gorbachev, S.Yu. Vernov,

Class. Quantum Grav. 31 (2014) 065007 (arXiv:1206.2801).
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Equation (2) is a quadratic equation for the Hubble parameter:
- 1
6UH? + 6UH — §¢2— V =0, (27)

This equation has the following solutions:

_ U 12 -
Hi= - 5ot s = Jourre + 3042 16UV (28)

The values of the function P(p) that correspond to Hy are

[A
=4+ g@ +3K2Veff (29)

In the domain with V' > 0 the Hubble parameter is uniquely defined as a
function ¢ and ¢ by (28).

If Co > 0, then whole evolution of bounce solutions is evolution a
solution of the second order system.

For Gy < 0 the third order system (25) with the additional condition (2)
is not equivalent to any second order system.

1 33U
Pe=+:513 | G2 4 2 42V
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ANOTHER COSMOLOGICAL MODEL

Let us consider the scalar field potential of the form
V(p) = Cop" + Co, (30)

where n is an even natural number, and following non-minimally coupled

function ¢ )
1 %)
= — — — 1

where £ is positive.

We are interested in cosmological scenarios in the physical region
Ger > 0, where the bounce occurs at first and after that stable de Sitter

. v . .
solution Hys = 611((‘;“55)) is realized.
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The potential Ve is an even function, hence, it has an extremum at
p=0.

If we additionally suppose that pg4s = 0, then we get the condition

G > 0.

So, the potential should change the sign. Therefore, C, < 0.

To get the suitable behaviour of the de Sitter solutions we require the
following condition on the constants Gy, C,, and &:

o (>0 (<0,
2
° 0<§<%(7%)" for n>2,

C C _
° —ﬁ<§<—K—(§O for n=2.
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Let us consider the case n = 4. In other words we modify the function U
only.

Similar calculations has been made in B. Boisseau, H. Giacomini and

D. Polarski, J. Cosmol. Astropart. Phys. 1605 (2016) 048
(arXiv:1603.06648).

We change effective gravitational constant changing the parameter &,
namely choosing £ = 20.
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Figure: The effective potential (left picture), phase trajectories (middle picture)
and the Hubble parameter and the scalar field as function of time for

V = Gp* + G, U= Uy — £p?/2. The parameters are £ = 20, K = 20,

Cy = —10000, Gy = 0.05. The initial conditions are p; = 1/21 and

;i = —0.5327109254e — 1 (green line), p; = 0.04999750012 and

i = —0.1580348161 (blue line). The black curves are the lines of the points

I PR T R S— A ) n bl PR R [ ST U R S A ) n T -
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o

Figure: There are basins of attraction for three possible attractors for the case
of V= Cp* + Go, U= Uy — £p?/2 in the left picture: de Sitter solution
(black circles), the analog of Ruzmaikin one (green circles) and the singularity
with ¢ — —o0, H — —oo (blue points). If the bounce occurs, then we mark
initial data with circles and in otherwise — points. The parameters are
£=1/64+0.01, K =20, G4 = —3, G = 0.15. Three phase trajectories (middle
picture) and dependencies H(t) (right picture) corresponding these attractors
are plotted for initial data ¢; = 0.52 and ¢; = —0.1 (blue curve), ¢; = —0.2
(green curve), 1pj = —0.3 (black curve). The gold trajectory starts at the
bounce point ¥; = —0.3724204076. The black dash line corresponds to H = 0.
The blue point line corresponds to U = 0. The red color in the left and middle
pictures indicates the unreachable domain. The red dash line in the middle
picture is the boundary of unreachable domain defined by P = 0.
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INFLATIONARY MODELS

Using conformal transformation of the metric, one can get from the
model with a constant R the corresponding model with a minimally
coupled scalar field ¢ has the potential

W(p) = C; cosh? <2\/€TO> — Gysinh* <2¢%> , (32)

Ci and G, are constants.

The integrability of this system has been proved in

I. Bars and S.H. Chen,, 2011, Phys. Rev. D 83 043522 (arXiv:1004.0752)
I. Bars and S.H. Chen, N. Turok, 2011, Phys. Rev. D 84 083513
(arXiv:1105.3606)

B. Boisseau, H. Giacomini and D. Polarski, JCAP 1510 (2015) 033
(arXiv:1507.00792).

In I. Bars and S.H. Chen,

The Big Bang and Inflation United by an Analytic Solution, Phys. Rev. D
83 (2011) 043522 (arXiv:1004.0752)

the inflationary scenario has been constructed.
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Conclusions

@ The bounce solution with a non-monotonic Hubble parameter has
been obtained.

@ We shoe that the generalization of bounce potentials and effective
gravity constant leads to the interesting behaviors of the Hubble
parameter.

@ It would be very interesting to construct cosmological model with a
non-minimal coupling standard scalar field, a bounce solution of
which is suitable for inflationary scenario.
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